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Abstract

Given a hypergraph with edges of size at most 3, the 3-set cover prob-
lem asks to determine the minimum size of a family of edges which covers
the vertex set. As the problem is NP-hard, it is natural to consider its
fractional (linear programming) relaxation, which provides a lower bound
on the value of the optimal solution. The ratio between the actual value
and that of the fractional relaxation is called the integrality gap. A clas-
sic bound of Lovéasz implies that the integrality gap in this problem is at
most 11/6. This has been improved to 5/3 by Fujito and Okumura. Here
we prove that the integrality gap is at most 3/2, which is best possible.
A corollary of this result is that the vertex set of any 3-uniform, regular
hypergraph on n vertices can be covered by n/2 (or fewer) edges. This
solves the k = 3 case of a problem of de A. Moreira and Kohayakawa.
As another application, we derive a certain variant of the Gale-Shapley
stable marriage theorem for triples.

1 Introduction

A hypergraph H is a pair (V, E), where V = V(H) is a non-empty finite set
of vertices and E = E(H) is a family of subsets of V called edges. We always
assume that the edges are non-empty and every vertex belongs to at least one
edge, so that V' = J E. We often write edges without braces and commas, e.g.,
123 instead of {1, 2, 3}.

The rank of H is max.cp(m |e|. If |e| = k for every e € E(H), we say that
H is k-uniform. The degree of a vertex v is |{e € E(H) : v € e}|. If every
v € V(H) has the same degree d, we say that H is d-regular, or just regular
without specifying the degree.

An edge cover in H is a subfamily £’ C E(H) that covers the entire vertex
set, i.e., V.= [JE’. We will be interested in edge covers that are as small as
possible. The edge covering number of H is

p(H) =min{|E’| : E' is an edge cover in H}.
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The combinatorial optimization problem of determining p(H) is usually called
the (unweighted) set cover (or covering) problem. When restricted to hyper-
graphs of rank k, it is called the k-set cover problem. For k = 2, i.e., in the
case of graphs, computing the edge covering number is easy: it is equivalent to
finding the maximum size of a matching. But already for k = 3, the 3-set cover
problem is known to be NP-hard (e.g., by a reduction from the 3-dimensional
matching problem on Karp’s list in [10]). There is a large body of combinato-
rial opimization literature devoted to approximating the edge covering number;
see [3] for a survey.

An efficient lower bound on the edge covering number is obtained by con-
sidering its linear programming relaxation. A fractional edge cover in H is a
function f : E(H) — Ry that covers V(H) in the sense that ) o f(e) > 1
for every vertex v € V(H) Its size |f] is ZeeE(H) f(e). The fractional edge
covering number of H is

p"(H) = min{|f] : f is a fractional edge cover in H}.

An edge cover is a {0, 1}-valued fractional edge cover, hence p(H) > p*(H).
The ratio p(H)/p*(H), measuring the relative distance between the integral
solution and its fractional counterpart, is called the edge-cover integrality gap
of H. An upper bound on the integrality gap over a class of hypergraphs allows
to control the quality of the p*(H) approximation to p(H) for H in that class.
The following classic upper bound due to Lovész [12] has had many applications
in graph and hypergraph theory, combinatorial optimization, additive number
theory, and more. (The original formulation of Lovdsz’s bound was in terms
of the vertex-cover integrality gap for hypergraphs of a given maximum degree;
the form we give here is equivalent by interchanging the roles of vertices and
edges while keeping the incidence relation.)

Theorem 1.1 ([12]). Let H be a hypergraph of rank k. Then
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Examples for large k are known that show that Lovasz’s bound cannot be
improved by a multiplicative constant (we cite below, in more precise form, such
a result). However, Fujito and Okumura [6] have improved the bound by an
additive constant:
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for hypergraphs H of rank k& > 2.

CTJ\*—‘

k
i=1
This improvement is significant for small values of k. For k = 2 it improves the
bound from % to %, which is best possible. Indeed, the triangle graph K3 has
p(K3) =2 and p*(K3) = 3. For k = 3 it improves the bound from ! to 2. As
far as we know, the % bound is the best one known prior to this work. Here we
focus on the k = 3 case, and establish the following best possible improvement.



Theorem 1.2. Let H be a hypergraph of rank 3. Then

<

Before showing the sharpness of this bound, we state two increasingly special
cases of Theorem 1.2. A fractional edge cover f : E(H) — Ry is exact if it
satisfies the covering constraints as equalities: ), f(e) =1 for allv € V(H).
Suppose that H is a 3-uniform hypergraph with |V| = n, and f is a fractional
edge cover in H. Then

A=y 3 Y=g Y 1=t

veV(H ) edv veEV (H)

and equality holds if and only if f is exact. Thus, if H has an exact fractional

edge cover, then p*(H) = %. Therefore, Theorem 1.2 immediately gives the
following.

Corollary 1.3. Let H be a 3-uniform hypergraph with |V (H)| = n that has an
exact fractional edge cover. Then p(H) < 3.

Next, suppose that H is a 3-uniform, d-regular hypergraph. Then f :
E(H) — Ry defined by f(e) = % for all e € E(H) is an exact fractional
edge cover in H. We get the following special case of Corollary 1.3.

Corollary 1.4. Let H be a 3-uniform, regular hypergraph with |V (H)| = n.
Then p(H) < 3.

We proceed to give several examples of 3-uniform, regular hypergraphs that
attain equality in Corollary 1.4. This will show that Theorem 1.2 and its two
corollaries are sharp.

Example 1.5 (K (3)) The complete 3-uniform hypergraph on 4 vertices is also
3-regular. Two edges are needed to cover all vertices. Thus p(K f’)) =2=13

Example 1.6 (T'PP(2)). The truncated projective plane of order 2 has 6 ver-
tices and 4 edges: 135, 146, 236, 245. It is 2-regular, and three edges are needed
to cover all vertices. Thus p(TPP(2)) = 3 = $. Note that this hypergraph
is 3-partite (with parts {1,2}, {3,4}, {5,6}), showing that the upper bound is
sharp even in the 3-partite case.

Examples satisfying p(H) = % for arbitrarily large n can be built from any of
the above small examples by taking disjoint copies. The following construction
gives arbitrarily large connected examples of equality.

Example 1.7. Given an even n > 4, we take a set V' of n vertices and partition
it into pairs Py, P%,... Py, where k = 7 and the pairs are arranged cyclically
(so P11 = Py). We take as edges in F all triples of the form P; U {«} where
x € Piy1. Then H = (V, E) is 3-uniform and 3-regular (in the case n = 4 we



get back Example 1.5). An edge cover of size k can be formed, for example, by
taking one triple containing P; for each i = 1,..., k. We claim that H has no
smaller edge cover. Indeed, let E’ be an edge cover. We associate with E’ a
cyclic string of length k, where the i-th entry is 0, 1, or 2 indicating the number
of triples in E’ that contain P;. The predecessor (in the cyclic sense) of any 0
entry must be a 2 in order to satisfy the covering constraints. Hence there must
be at least as many 2 entries as there are 0 entries, implying that the sum of
entries is at least k. Thus |E'| > k and so p(H) =k = 3.

In a related paper, de A. Moreira and Kohayakawa [4] studied the ratio
p(H)/p*(H) for hypergraphs that are uniform and regular. They defined the

function ()
. P
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where the maximum is taken over all k-uniform, regular hypergraphs on n ver-
tices. Based on a probabilistic construction for the lower bound and on Lovész’s
upper bound, they proved that for any large enough fixed k

Ink—12Inlnk < f(k) <1+1Ink.

They showed that f(2) = %, and posed the open problem of determining f (k)

for all £ > 3. Our Corollary 1.4 together with the above examples of equality
solve the case k = 3 of their problem: f(3) = 2.

The proof of Theorem 1.2 is quite intricate, and relies on the Gallai-Edmonds
decomposition of graphs and some structural properties of factor-critical graphs.
Those are recalled or developed in Section 2, and the proof itself appears in
Section 3. It is worth mentioning that the proof of Fujito and Okumura’s [6]
previous improvement to Lovasz’s bound, establishing the % upper bound for
k = 3, also used the Gallai-Edmonds decomposition. However, we apply it
to a different graph associated with the hypergraph of rank 3, and use the
decomposition in other ways than they did.

In Section 4 we present an application of Theorem 1.2 to a Gale-Shapley

type stable marriage problem, where we consider triples instead of couples.

2 Preliminaries

Although Theorem 1.2 is about hypergraphs of rank 3, our proof will mostly be
in terms of graphs that are associated with such hypergraphs. Here we introduce
some terminology and notation for graphs, and recall or develop the main tools
that we will use in the proof.

A graph G = (V,E) is a 2-uniform hypergraph. A matching in G is a set
M C FE of pairwise disjoint edges. The set of vertices covered by the matching
Mis|JM CV. A maximum matching M is one that maximizes |M| among all
matchings in G. When |V is even, a perfect matching M is one with (JM = V.
When |V| is odd, a near-perfect matching M is one with ||J M| = |V]| —1.



Let G = (V, E) be a graph, and let U C V. The induced subgraph of G on
U is the graph G[U] = (U, E[U]) where E[U] consists of all edges in E having
both endpoints in U. When U = V' \ X, we also write G[U] as G — X. The
contraction of X in G is the graph G/X obtained from G — X by adding a new
vertex vy and an edge uvx for every u € U such that uv € E for at least one
veX.

Let G be a graph, and let O be an odd cycle in G. We say that O is induced
if it has no chords. If O is not induced, an odd shortening of O is a cycle O’
obtained from O by partitioning its edge set into odd paths Q1,Qs, ..., Qk,
where k£ > 3 and each @Q; is either an edge of O or its endpoints form a chord,
and replacing each of the latter Q; by the corresponding chord. Thus, the length
of O is k, which is necessarily odd. We will need the following simple lemma.

Lemma 2.1. Let G be a graph, and let O be an odd cycle in G. If O is not
induced, then it has an odd shortening O" which is induced.

Proof. Clearly, O has an odd shortening: if uv is a chord, we can use a partition
Q1,Q2, ..., Q) consisting of the u — v path on O that is odd and single edges.
Let O’ be an odd shortening with k as small as possible. Then O’ is induced.
Indeed, if zy is a chord of O’, then replacing the x — y path on O’ that is odd
by the chord zy yields a shorter odd shortening of O. O

2.1 Factor-critical graphs

A graph G with an odd number of vertices is factor-critical if for every v € V(G)
there exists a near-perfect matching M in G such that UM = V(G) \ {v}.
Factor-critical graphs will play a central role in our proof of Theorem 1.2. We
will need the following lemma, showing that this property can be preserved
under contraction.

Lemma 2.2. Let G be a factor-critical graph with |V (G)| > 1. Then G has an
induced odd cycle O such that G/V(O) is factor-critical.

Proof. We recall that an odd ear decomposition of a graph G is its presentation
as Pp+ P+ - -+ P,, where P, is a single vertex, and each P;, i = 1,...,r, is either
an odd path that has only its two endpoints in common with Py + -+ + P;_1
or an odd cycle that has exactly one vertex in common with Py + --- + P;_.
Lovész [11] proved that a graph is factor-critical if and only if it has an odd ear
decomposition.

Now, let G be factor-critical with |V(G)| > 1, and let Py + P, + --- + P.
be an odd ear decomposition of G. Since P, is a single vertex, P; must be an
odd cycle through that vertex. We may assume that P; is induced. Indeed, if
it is not then by Lemma 2.1 it has an odd shortening P which is induced. Say
that Q1,Q2,...,Q are the corresponding odd paths on P; of length at least 3
in the formation of P/. Then we can get another odd ear decomposition of G
as follows. We start with an arbitrary vertex on Pj, then add Pj, followed by
the odd paths Q1, @2, ..., Q¢. At this point, we have the entire cycle P; and its



chords that appear in P{. From here on, we add Py, Ps, ..., P, while skipping
those chords of P; that already appeared in Pj.

So, assume that P; is induced. Upon contracting V(P;) into a single vertex
vp,, the graph becomes vp, + Po+---+ P, and each P;, ¢ = 2,...,r, is still of
one of the two allowed forms (though odd paths may become odd cycles if the
contraction collapses their endpoints into a single vertex). Thus G/V(P;) has
an odd ear decomposition as well, and is therefore factor-critical as required. [

The next lemma allows us to decompose a factor-critical graph into an odd
cycle of smaller factor-critical graphs.

Lemma 2.3. Let G be a graph with |V(G)| > 1. Then G is factor-critical if
and only if for some positive integer k, there exists a partition Uy, Us, ..., Usgi1
of V(G) so that:

(a) GlU;] is factor-critical for alli=1,2,...,2k + 1.

(b) For1<i# j<2k+1, G has at least one edge between U, and U; if and
only if i,j are cyclically adjacent (i.e., |i —j| =1 or {i,j} = {1,2k +1}).

Proof. Assume first that a partition Uy, Us, ..., Usky1 of V(G) satisfying (a)
and (b) is given. We have to show that for every v € V(G) there exists a perfect
matching in G — {v}. Assume w.l.0.g. that v =v; € Uy. For i =1,2,...,k, let
v2;V2;+1 be an edge of G with endpoints ve; € Us;, v2i41 € Usi1 (which exists
by (b)). For j =1,2,...,2k + 1, let M; be a perfect matching in G[U;] — {v,}
(which exists by (a)). These matchings, together with the edges vg;v9;41, cover
all the vertices except v.

To prove the opposite direction, we use induction on |V (G)|. By Lemma 2.2,
we can find in G an induced odd cycle O such that G/V (O) is factor-critical. If
G/V(0) is a single vertex, this means that G = O. In this case we can partition
V(G) = V(O) into singletons to satisfy the requirements in the lemma.

Thus, we may assume that G/V(O) has more than one vertex. By the
induction hypothesis, G/V (0) admits a partition Uy, Us, . .., Usk41 that satisfies
the requirements. Let vo be the new vertex created by the contraction of V(O),
and assume w.lo.g. that vo € Uy. Let Uf = (Ui \ {vo}) UV(0). We claim
that Uy, Us,...,Usxy1 is a partition of V(G) that satisfies (a) and (b) with
respect to G. The only part that requires an argument is the fact that G[U7] is
factor-critical.

We need to show that for every v € Uy, there is a matching M in G such
that |[JM = U; \ {v}. There are two cases to check. If v € V(O) then we
take a perfect matching in O — {v} and a perfect matching in G[U;] — {vo}
(which exists because (G/V(0))[Ui] is factor-critical). Together they give the
required matching M. Now suppose that v € U; \ {vo}. Then there is a perfect
matching M; in (G/V(0))[Ui] — {v}, and one of its edges is of the form uvo
where u € Uy \ {v,v0}. By the definition of contraction, G has an edge uw for
some w € V(0). Replacing uvp in My by uw, and adding a perfect matching
in O — {w}, we get the required matching M. O



2.2 The Gallai-Edmonds decomposition

Gallai [8, 9] and Edmonds [5] introduced a canonical decomposition that applies
to any graph and can be used to describe the family of maximum matchings in
it. We recall here the definition of this decomposition and some of its properties
(see [13, Theorem 3.2.1]).

Let G be a graph. We call a vertex v € V(G) dispensable in G if there is
a maximum matching M in G with v ¢ |JM. We decompose V(G) into three
(possibly empty) parts as follows:

D = {veV(Q):wvis dispensable in G}
A = {ueV(G)\D:uis adjacent to at least one vertex in D}
C = V(G)\(DUA)

If D # (), we further decompose D into the vertex sets Dy, Do, ..., D, of the
connected components of G[D]. If D = () set r = 0.

Theorem 2.4 ([8, 9, 5]). Let G be a graph, and let D = Dy UDyU---U D,
A, C be the vertex sets defined above. Then:

(a) G[D;] is factor-critical for alli =1,2,...,r.

(b) There exists a matching in G of size |A|, that matches the vertices in A to
vertices in pairwise distinct D;’s. Moreover, given any i € {1,2,...,r},
such a matching exists that avoids D;.

(c) G[C] has a perfect matching.

(d) The family of all mazimum matchings M in G can be constructed as fol-
lows. Choose any matching M4 as described in part (b). For every D; that
has a vertex covered by M4, choose a near-perfect matching in G[D;] that
avoids that vertex. For every other D; choose an arbitrary near-perfect
matching in G[D;]. Add to the above any perfect matching in G[C|. This
gives a mazimum matching M in G that covers all but r — |A| vertices,
one in each D; that is not touched by M 4.

We now list, for later use, a few immediate consequences of Theorem 2.4.
In each of them, we refer to the Gallai-Edmonds decomposition of G as defined
above.

Corollary 2.5. Ifv € D; then any neighbor of v in G is either in D; or in A.

Corollary 2.6. Suppose D # (). Consider the bipartite graph T'¢ with r vertices
on one side (corresponding to Dy, Da, ..., D,) and the vertices of A on the other
side, where the Dj-vertex is adjacent to u € A if and only if at least one vertex
in D; is adjacent to u in G. Then I'g has a matching that covers the A side, and

this matching can be chosen so that it avoids any given D;-vertex. In particular,
A < 7.



Corollary 2.7. Suppose v € D; and M is a maximum matching in G with
vé& |UM. Then M contains a perfect matching in G[D;] — {v}.

In addition to what we proved in the previous subsection, we will need
another fact about the behavior of factor-critical graphs under contraction. Its
proof uses the Gallai-Edmonds decomposition.

Lemma 2.8. Let G be a factor-critical graph, and let X C V(G) be such that
G — X has a perfect matching. Then G/X s factor-critical.

Proof. Let D =D1UDyU---UD,, A, C be the Gallai-Edmonds decomposition
of G/X. Because G — X has a perfect matching, so does (G/X) — {vx}. It
follows that vx is dispensable in G/X, and therefore vx € D. Assume w.l.o.g.
that vx € D;. Now let Df = (D1 \ {UX}) U X, and consider the partition
Di,Ds,...,D,, A ,C of V(G). By Corollary 2.5, vertices in D;, i = 1,2,...,r,
have G/ X-neighbors only in D; U A. By the definition of contraction, the same
remains true for D3, D, ..., D, with respect to G-neighbors.

Assume first that A # (), and let u € A. Since G is factor-critical, there is a
perfect matching in G — {u}. Because Di, D, ..., D, all have odd cardinality,
and have outer neighbors only in A, each of them must have a vertex matched
to some vertex in A\ {u}. But by Corollary 2.6 we have |A| < r, so this is
impossible.

Thus, we conclude that A = (). Now the sets D}, Ds,..., D,,C are discon-
nected from each other in G, yet G must be a connected graph (otherwise it
would not be factor-critical). It follows that r = 1 and C' = (. Returning to the
Gallai-Edmonds decomposition of G/X, it reduces to just D;, implying that
G/X itself is factor-critical. O

2.3 Matchings in bipartite graphs

We recall here some facts about matchings in bipartite graphs. Let G be a
bipartite graph with bipartition (X,Y). For S C X we denote by N(S) C Y
the set of vertices having at least one neighbor in S. We say that aset U C V(G)
is matchable if there exists a matching M in G with U C |J M. Hall’s theorem
says that X is matchable if and only if |[N(S)| > |S] for every S C X. We
will need the following well-known generalization of this theorem, attributed to
Ore [15]. Define the deficiency of G with respect to X to be

defx (G) = max{|S| — |N(S)| : § C X}.

Theorem 2.9 ([15]). Let G be a bipartite graph with bipartition (X,Y). Then
X has a matchable subset X' of size | X'| = | X| — def x (G).

We will also use a result of Mendelsohn and Dulmage [14] allowing to combine
matchability of subsets of different sides.

Theorem 2.10 ([14]). Let G be a bipartite graph with bipartition (X,Y). If
each of the sets X' C X and Y' CY is matchable, then X' UY’ is matchable.



3 Proof of Theorem 1.2

Let H = (V, E) be a hypergraph of rank 3. We use the notation
Ei={ecE:lel=i}, i=1,2,3
to refer to the edges of each possible size. We also define the shadow of Ej3:
0E3 ={e\ {v}:ve€eec Es}.

This is the family of subsets of size 2 of edges of size 3. We will consider the
following graph associated with H:

Gy = (V,E; UOE3).
For a function f: E — R, we write
flo= D2 [
ecE1UE>

This is the total weight assigned by f to edges of size less than 3. We will
deduce Theorem 1.2 from the following proposition.

Proposition 3.1. Let H = (V, E) be a hypergraph of rank 3. Assume the
following two conditions hold:

(a) The graph Gy is factor-critical.
(b) H has an exact fractional edge cover f: E — Ry such that |f|— < 1.

V]-1
Then p(H) < | |2 .

Note that condition (a) implies that |V| is odd. By taking a near-perfect
matching in Gy and one additional edge covering the missing vertex, we can
[V]-1

cover V by “5— + 1 edges of Gg. Since every edge of G'g is either an edge of

H or is contained in one, it immediately follows that p(H) < MTA + 1. Our
task in proving Proposition 3.1 is ‘just’ to save 1 in this upper bound, by using
edges of size 3 and the full power of the assumptions.

In Subsection 3.1 we will show how Theorem 1.2 follows from Proposition 3.1.
Then, in the next two subsections, we will prove Proposition 3.1.

3.1 Proof of Theorem 1.2 from Proposition 3.1
Let f: E — Ry be a fractional edge cover. For v € V we write
|f|v+ = Zf(e) -1
esv

Bearing in mind that ) . f(e) > 1 for every v, we think of |f|,+ as the extra
coverage of f at the vertex v. We further write

[l = [ flot-

veV



This is the total extra coverage of f. Note that f is exact if and only if | f|; = 0.
We first observe that if Proposition 3.1 is true, then it remains true when
condition (b) is relaxed to:

(t') H has a fractional edge cover f: E — R,y such that |f|_ + |f]+ < 1.

Indeed, assume that f satisfies |f|_ + |f|+ < 1. For a vertex v with |f|,+ > 0,
we reassign a total weight of |f|,+ from edges e € FE3 containing v to the
corresponding e \ {v}. This reduces |f|+ by |f|,+ while increasing |f|— by
the same amount, thus preserving |f|- + |f|. Repeating this for every v with
|flo+ > 0, we end up with a modified function fsuch that |f]_ = |f|_+]|f|+ <1
and | f |+ = 0. In the course of doing this, we may have created edges of size
2 that were not in H, so let H be the hypergraph obtained by adding those
edges to H. Now f is an exact fractional edge cover in H satisfying condition
(b). Note that Gﬁ = Gp, so condition (a) still holds. Proposition 3.1 implies
that p(H) < IV‘ . Because every edge of H is contained in an edge of H, we
conclude that p(H ) < MT_l as desired.

Assuming Proposition 3.1, we proceed to prove Theorem 1.2. Let H = (V, E)
be a hypergraph of rank 3, and let f : £ — R be a fractional edge cover in H.
We have to prove that p(H) < 3|f]|.

We first prove this in the special case when H is 3-uniform. Consider the
graph G associated with H, which is (V,0F) in this case. Let D = D1 U Dy U

--UD,, A, C be its Gallai-Edmonds decomposition. For each i = 1,2,...,r

we consider a graph and a hypergraph defined on the vertex set D;. The graph
is Gy [D;], it is factor-critical by Theorem 2.4(a). The hypergraph is Hp,, the
restriction of H to D;, having the edge set

E(Hp,)={enD;:ec E,enD; # 0}. (1)
Observe that G, = Gu[D;]. We also define f; : E(Hp,) — Ry by

:Z{f(e):eeE,eﬂDize/}. (2)

Note that f; is a fractional edge cover in Hp,, and |fi|,+ = |f|,+ for every
v € D;. Observe also that while |f|- = 0 by the assumption that H is 3-
uniform, |f;|— may be positive: it is given by

fil- =Y {fle):e€ E,enD; #0,e\ D; # 0}. (3)

We distinguish between those D; for which |f;|— + | f;|+ is high (at least 1) and
those for which it is low (less than 1). We assume w.l.o.g. that

|fil- +|fil4 21 for 1<i<h,

Ifil- +1fil+ <1 for h<i<m,
where 0 < h < r. For every h < ¢ < r we can apply Proposition 3.1 in

its generalized form (with conditions (a) and (b’)) to conclude that p(Hp,) <
|D;|—1
=

10



In order to handle D1, Ds,..., Dy, we consider the corresponding vertices
1,2,...,h in the bipartite graph I'g,, defined in Corollary 2.6. We claim that
for every S C {1,2,...,h} we have

S| =N < [f]+, (4)

where N(S) C A is the set of neighbors of vertices of S in I'g,,. Indeed, given
i € S, for every e € E such that e N D; # 0, we have e \ D; C N(S) by
Corollary 2.5 and the definition of I'g,,. It follows from (3) that each i € S
contributes at least |f;|- to the sum 3, o (g) 2 cs, f(€). Adding up these
contributions we get

MUl < YT Y = > A+[flu) = NI+ D flur-

€S ueN(S) edu ueN(S) ueN(S)

Furthermore,

DAl =D > il = D [ flor-

icS i€S vED; v€U;cg Di

We conclude that

S| <Y (fil=+1fil+) S ING)+ D0 Iflurt Do 1l S INGS)HIfl

icS ueEN(S) v€U;cg Di

proving inequality (4).

Since (4) holds for every S C {1,2,...,h}, it follows from Theorem 2.9
that {1,2,...,h} has a subset B of size at least h — |f| that is matchable in
I'G,. We also know from Corollary 2.6 that A is matchable in I', . Using
Theorem 2.10 we obtain a matching M in I'g,, such that AU B C [JM. Let
I C{1,2,...,7} be the set of vertices on this side that are covered by M, and
let 1¢={1,2,...,r}\I. As B C I, we have |[I°N{1,2,...,h}| <|f]+.

Returning from I'q,, to Gp itself, we can replace each edge iu in M by
an edge v;u of Gy, where v; is an arbitrarily chosen neighbor of v in D;. Let
M’ be the obtained matching in Gy. By adding to M’ a perfect matching
of Gy[D;] — {v;} for each i € I, and a perfect matching of Gy[C], we get a
matching M" in Gy that covers V' \ U,c;e Di-

Now, we can find an edge cover in H as follows. We replace each edge in M"
by an edge of H containing it. This uses 1|V \ U, . D;| edges. For each i €

I°n{1,2,...,h} there are D=1 4 g edges of Gy that cover D;, and we replace

2
them by edges of H containing them. This uses at most Zielcm{l 2.k} %

edges. For each i € I¢\ {1,2,...,h} there are ‘Diz‘_l edges of Hp, that cover
D; (as shown above), and we replace them by edges of H that contain them.
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This uses Zie]c\{l 2. h} ‘Di;l edges. Summing up, this gives

1 D;|+1 D;|—1
< W Unis s B,y pi

iele ielen{1,2,...,h} i€le\{1,2,...,h}

1 C C
= 5(|V|+|1 N{1,2,...,h} = [I°\{1,2,...,h}|)

1
< SUVI+IA)

= I

veV

N

veV edv

= 23

ecE
3
= 1l

This completes the proof of Theorem 1.2 from Proposition 3.1 in the case of
3-uniform hypergraphs.

We treat the general rank 3 case by reducing it to the 3-uniform case. Let
H = (V,E) and a fractional edge cover f : E — R, be given. If there are two
edges e C ¢ in F, we reassign any weight on e to ¢’. Doing this for all such
pairs, and removing from E any edge with weight 0, we may assume that there
is no containment among edges in F, and all of them have positive weight. If
there is a singleton edge {v}, then it is the only one containing v, so its weight
must be 1 (or more). We remove the vertex v and the edge {v}, find a good
edge cover in the remaining hypergraph, and add {v} to get a good cover in H.
Thus, we may assume that there is no singleton edge and there is at least one
edge of size 2 (otherwise H is 3-uniform).

Let m > 0 be the total weight of the edges of size 2, and let k be an integer
so that km > 1. We form a new 3-uniform hypergraph kH on the vertex set
Ule V; U{w}, where each V; is a disjoint copy of V, and w is a new vertex. In
each V; we have copies of all edges of H of size 3, with their original weight.
For each edge uv of size 2 in H, we place k edges uw;v;w where w;v; is its copy in
Vi, and assign to each of them the weight of uv. Let kf be the resulting weight
function on E(kH). Clearly, kf is a fractional edge cover in kH, and |k f| = k| f|.
Also p(kH) > kp(H). Applying Theorem 1.2 to kH gives p(kH) < 3|kf|. We
deduce that kp(H) < 2k|f| and therefore p(H) < 3|f| as required.

3.2 The structure of a minimal counterexample to Propo-
sition 3.1

In view of the previous subsection, it remains to prove Proposition 3.1. Assum-
ing that it is false, we consider a counterexample H = (V, E) with |V as small
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as possible. In this subsection we prove Lemma 3.2. Roughly speaking, it iden-
tifies a subgraph of Gy which is already factor-critical, and can be constructed
in a particular way. Then, in the next subsection, we will obtain a contradiction
by showing that such a structured counterexample cannot exist.

Lemma 3.2. Assume that H = (V, E) is a counterezample to Proposition 3.1,
and |V| is minimal among such counterexamples. Then there exists a vertex
x € V and there is some t > 1 and a sequence GV, G ... G of subgraphs
G®) = (V,E®) of Gy satisfying:

(a) EM ={e€ FBy:x €e}UIEs.
(b) G® is factor-critical.
(c) For each 1 <k < t:

(c1) The Gallai-Edmonds decomposition of G*) is of the form D®) =
ng) U Dék) U---uJ fof,z), AF) O®) ywhere |[AR)| = () —1 > 1.

c 1s obtained from y adding one edge ey € Ey .

2) E*+Y) s obtained from E®) by add d Ey \ E®)

c3) ey, has one endpoint in D, and the other outside it, where 1 <
3) ex h d DY), and the oth d here 1

§*) < r®) s such that |Dj(](€k))| >3 and x ¢ Dy(%.

Proof. Because H is a counterexample to Proposition 3.1 it satisfies its two
conditions: Gp is factor-critical, and we are given an exact fractional edge
cover f: E — Ry such that |f|- < 1. Yet p(H) > MT_l

For a vertex v € V' we write

Ep(v)={e€ FyUEy:v e} and |f],- = Z f(e).
e€FE12(v)

We choose x € V' to be a vertex that maximizes |f|,- among all v € V. If there
are several maximizers, we choose one of them arbitrarily.

We define E™) as in part (a) of the lemma. If GV = (V, EM) is factor-
critical, we set ¢ = 1 and are done (note that part (c) is vacuous for ¢t = 1).
Otherwise, we iteratively add edges from FEs as indicated in part (c), until
we obtain a graph G® that is factor-critical, and then we stop. The process
must terminate with a factor-critical graph, because Gy is factor-critical by
assumption. What we need to show is that the iterations can be carried out.
Namely, given G**) = (V, E(*)) that is not factor-critical, with E) € E(*) C
E(Gp), we have to show that the Gallai-Edmonds decomposition of G*) has
the form indicated in (c1), and there exists an edge ex € Fy \ E(®) satisfying
(c3).

From now on, we fix such k and omit the superscript (k). Thus, we consider
a non-factor-critical graph G with E®") C E(G) ¢ FE(Gg), and its Gallai-
Edmonds decomposition D = Dy UDsU---UD,, A, C. Fori=1,2,...,r we
define the restriction Hp, of H to D; asin (1), and f; : E(Hp,) — R4 asin (2).
Since f is an exact fractional edge cover in H, so is f; in Hp,. We distinguish
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between those D, for which |f;|_ is high (at least 1) and those for which it is
low (less than 1). We assume w.l.o.g. that

|fil->1 for 1<1i<h,
|fil- <1 for h<i<m,

where 0 < h < r. Our proof proceeds via a series of claims.

|D;|—-1
2

Claim 3.3. For every h < i < r there exists a family of at most edges

of H whose union covers D;.

Proof. Fix h < i < r, and consider Hp,. As G[D;] is factor-critical, so is its
supergraph G, . Thus Hp, satisfies condition (a) of Proposition 3.1, and our
assumption that |f;|- < 1 implies that condition (b) holds, too. Observe also
that |D;| < |V, otherwise G itself would be factor-critical, contradicting our
assumption. By the minimality of H as a counterexample to Proposition 3.1,
we conclude that p(Hp,) < %. As every edge of Hp, is contained in an
edge of H, this implies the claim. O

Claim 3.4. For every 1 <1i < h there exists an edge of G with one endpoint in
D; and the other in A.

Proof. Fix 1 <1 < h. Since |f|- < 1 but |f;|- > 1, there must exist an edge
e € E3 such that 1 < |eN D;| < 3. Such an edge of size 3 contributes to dF3
two edges of size 2, each having an endpoint in D; and another outside it. As
0E3 C EM C E(G), these are also edges of G. By Corollary 2.5, the endpoint
outside D; must be in A, proving the claim. O

We recall the bipartite graph I'¢ defined in Corollary 2.6. In terms of I'g,
Claim 3.4 means that every 1 < i < h has at least one neighbor in A. The next
few claims give more information about I'i.

Claim 3.5. The set {1,2,...,h} is not matchable in T'¢.

Proof. Suppose that {1,2,...,h} is matchable. By Corollary 2.6 A is matchable.
Hence Theorem 2.10 provides a matching M in I'g such that {1,2,...,h}UA C
UM. Let I C{1,2,...,7} be the set of vertices on this side that are covered by
M, and let I¢ ={1,2,...,7}\ I. Then I¢ C{h+1,...,7}. Also, since |A| <r
by Corollary 2.6, I¢ # (.

Returning from I'¢ to G, we can replace each edge iu in M by an edge v;u
of G, where v; € D;. Let M’ be the obtained matching in G. By adding to M’ a
perfect matching of G[D;] — {v;} for each i € I, and a perfect matching of G[C],
we get a matching M" in G that covers V\ ;.. Di. Now we replace every edge
of M by an edge of H containing it. For each i € I¢ we find, using Claim 3.3,
a family of at most % edges of H whose union covers D;. Altogether, since

I¢ # (), this yields a family of at most WIT*I edges of H covering V. This
contradicts the assumption that H is a counterexample to Proposition 3.1. [J
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In particular, Claim 3.5 implies that {1,2,...,h} # 0. Using also Claim 3.4,
we deduce that h > 2 and |A| > 1.

Claim 3.6. Let S C {1,2,...,h}. Then in T'g we have
NS> 1S] =2+ [flo--
In particular, |N(S)| > |S| — 1. Moreover, if for some i € S we have |D;| =1
then |[N(S)| > |S].
Proof. As f is an exact fractional edge cover, we can write

INS) = Y D fle)=D " lenN(S)|f(e).

ueN(S) edu ecE

For i € S, we denote by ¢; the contribution of edges e that intersect D; to the
above sum. Note that no e with e N N(S) # 0 can intersect two distinct D;’s,
because then it would have to be of size 3 and contain an edge of G between
distinct D;’s. Thus

NS > e (5)
i€S
In order to estimate ¢; from below, we write
il = D {fle):e€Bs1<enDi| <2}
+ > {f(e):e € BEyUEyenD; #0}. (6)

Every edge e € E3 with 1 < |e N D;| < 2 contains at least one vertex in N(.5),
hence contributes at least f(e) to ¢;. As |f;|— > 1, we obtain

0121—2{]"(6):eEElLJEQ,eﬂDi;é(/)}.

Adding up these inequalities we get
ZCZ' > Z(I—Z{f(e):eEEluEg,eﬁDi#@})
i€s ics

S| Y Hi€S:enD;#0}f(e). (7)

eecE1UES

Clearly, an edge e € F4 U F5 can intersect at most two D;’s. Moreover, if x € e
then e can intersect at most one D;: this is obvious when e € E1, and if e € F»
then by definition e € E®") C E(G) so it cannot connect two D;’s. Therefore

ST HieSienDi£0Hfle) < Y 2fle)— Y. fle)

e€E{UE, e€cE\UE, e€FE2(x)
2[fl- = fle-
2~ |fle-- (8)

N
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Putting together (5), (7) and (8) we obtain
IN(S) > [S] =2+ [[fla-

proving the first part of the claim.

Suppose now that there is an ¢ € S with |D;| = 1, say D; = {v}. For this 4,
each edge e that appears in the first sum in (6) contains v and two vertices in
N(S), hence contributes 2f(e) to ¢;. This allows us to double the lower bound
on this ¢;:

i >2(1=) {f(e):e€ By UEy,enD; # 0}) =2(1 - |f],-).
Taking this into account, we can add 1 — |f]|,- to the calculation above and get
IN(S)| > [S] =24 [flo- + 1= |flo- 2 |S] =1,

where the last inequality follows from the choice of x as maximizing |f|,-. It
follows that |[N(S)| > |S| in this case, as claimed. O

Claim 3.7. There ezists a subset S C {1,2,...,h} of size |S| > 2 such that
IN(S)|=1|S|—1 and |D;| > 3 for everyi € S.

Proof. By Claim 3.6 all subsets S C {1,2,...,h} satisfy |[N(S)| > |S|—1. If none
of these inequalities holds as an equality, then by Hall’s theorem {1,2,...,h}
is matchable in I'g, contradicting Claim 3.5. Hence we can find an S C
{1,2,...,h} such that |[N(S)| = |S| — 1. Claim 3.4 rules out the possibility
|S| = 1, hence |S| > 2. The second part of Claim 3.6 precludes any i € S with
|D;| = 1. O

Claim 3.8. |[A|=r—1.

Proof. By Corollary 2.6 we know that |A| < r. Moreover, since |V| and all
|D;| are odd while |C| is even, |A| and r must have different parities. Thus,
if the claim is wrong then r — |A| > 3. Using Theorem 2.9 and Claim 3.6, we
can find a subset B C {1,2,...,h} of size h — 1 that is matchable in T'. By
Corollary 2.6 A is matchable, hence Theorem 2.10 provides a matching M in
I'g with AUB C|UM. Let I C {1,2,...,r} be the set of vertices that M covers
on this side, and I¢ = {1,2,...,7} \ I. As B C I, we know that I° contains
at most one 1 < ¢ < h (actually exactly one such i, because {1,2,...,h} is not
matchable by Claim 3.5). Because we assume r — |A| > 3, there are at least 2
other members of I¢, and they are in {h+1,...,r}.

Returning from I'¢ to G, we can replace each edge iu in M by an edge v;u
of G, where v; € D;. Let M’ be the obtained matching in G. By adding to M’ a
perfect matching of G[D;] — {v;} for each ¢ € I, and a perfect matching of G[C],
we get a matching M" in G that covers V' \ J,;c;. D;. For the unique D; with

1€ 1% 1<i<h, wetake % edges of GG that cover it. All these edges, as well
as those of M”, can be replaced by edges of H containing them. There remain
at least 2 D;’s to be covered, having h < ¢ < r. By Claim 3.3 each of them can
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be covered by at most % edges of H. Altogether we get an edge cover in

[V]-1
2

terms. This contradicts our assumption that p(H) > Wl% O

edges, because we had just one % term and at least

H using at most
t ‘Dilfl
WO —H—
Claim 3.8 confirms that the Gallai-Edmonds decomposition of G has the
form indicated in (c1): |A| = r — 1, and we already observed that |A] > 1. Tt
remains to prove the existence of an edge e, € Fs \ E(G) satisfying (c3), that
we can add to G to get the next graph in our sequence. This is shown in the
next, final claim.

Claim 3.9. Let S C{1,2,...,h} be a subset as guaranteed to exist in Claim 3.7.
Then there exists ani € S such that x ¢ D;, and there is an edge ey, in Ex\ E(G)
that has exactly one endpoint in D;.

Proof. Let |S| = s > 2. The vertex x belongs to at most one D;, j € S. Let
j be that member of S if it exists, or an arbitrary member otherwise. Then
[S\ {j}] = s —1 > 1, and for ease of notation we assume that S\ {j} =
{1,2,...,s —1}. Now consider the following s disjoint subsets of V:

s—1
D1, Ds,.... Dy, V\ (| Di UN(S)).
i=1

First, observe that each of these sets has odd cardinality. To check this for the
last one, note that |[N(S)| = s — 1. Thus, the parity of Uz;ll D; UN(S) is that
of (s—1)+ (s—1), hence even, while |V| is odd. Next, note that G has no edges
between any two of these s subsets. Indeed, any outside neighbors of vertices
in one of the D;’s lie in N(.9).

Now, take away some u € N(S). As Gp is factor-critical, we can find a
perfect matching M in Gy — {u}. The matching M covers all the vertices in
our s odd subsets, and the remaining s — 2 vertices of N(S) \ {u}. Necessarily
M has at least one edge e connecting two of our s subsets. Such ey, cannot be
an edge of G, and in particular is not in dEs3, hence ey, € Es \ E(G). Of the
two sets that e connects, at least one is a D;, and such D; satisfies our claim
together with the edge ey. O

Note that the statement of Claim 3.9 suffices to satisfy the requirements of
(c3), because |D;| > 3 for all i € S by Claim 3.7. O

3.3 No such structured counterexample to Proposition 3.1
exists

We begin this subsection with some terminology and notation. An edge-ordered
graph G- is a graph G = (V, E) equipped with a linear order < on its edge set
E. If e; < ey we think of e; as having appeared before e;. For e € E, we denote
by G(©) = (V, E()) the subgraph of G formed before e, i.e., B(¢) = {¢/ € E :
e <e}.
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Let V be a vertex set and let G and H be a graph and a 3-uniform hyper-
graph, respectively, on V. A family of disjoint edges, one of which is in E(H)
and the others in F(G), whose union is U C V will be called a G'H cover of U.
Note that the number of edges in a G!H cover of U is ‘U|2_1. We will say that
U is G'H coverable if such a family exists.

The following lemma will serve to prove that a counterexample to Proposi-
tion 3.1, structured as in Lemma 3.2, cannot exist.

Lemma 3.10. Let V be a vertex set, |V| > 1. Let G< be a factor-critical
edge-ordered graph on V', and let H be a 3-uniform hypergraph on V. Assume
that every edge of H contains at least two edges of G. Suppose that there exists
a verter x € V so that every edge e € E(G) satisfies one of the following
conditions:

(o) = € e.
(B) e € OE(H).

(v) The Gallai-Edmonds decomposition of G\ is of the form D(©) = D§e) U
Dée) U---u foz), A C©) where |A®)] = r(©) —1 > 1, and e has one
endpoint in D;fg) and the other outside it, where 1 < j(¢ < r(©) is such
that |D§fe)| >3 and x ¢ D;.fg).

Then V' is G'H coverable.

We first show how Lemma 3.2 and Lemma 3.10 combine to prove Proposi-
tion 3.1.

Proof of Proposition 3.1 from Lemma 3.2 and Lemma 3.10. Assume, for the
sake of contradiction, that Proposition 3.1 is false. Then it has a minimal
counterexample H = (V, E). By Lemma 3.2 there exists a vertex « € V and
there is a sequence G, G ... G of subgraphs of Gy satisfying (a), (b)
and (c) in that lemma.

We are going to apply Lemma 3.10 to the graph G¥)| which is factor-critical
by (b), equipped with a suitable order < on E®, and the hypergraph (V, E3).
The order < corresponds to the construction of G*): the edges in (a), namely
EM = {e € By : ¢ € ¢} UJF3 come first (in arbitrary order) and then, if
t > 1, come the edges e, es,...,¢e;—1 added in (c), in this order. Every edge in
E5 contains three edges of dF3, hence of G(). The fact that, for the vertex z
given by Lemma 3.2, every edge e € E) satisfies condition (a), (8) or (7) in
Lemma 3.10 follows from the construction. Indeed, if e fails to satisfy («) or
(B), then e = ey, for some 1 < k < t. But then the graph G(¢) in the notation
of Lemma 3.10 is exactly G*) in the construction of Lemma 3.2, and condition
() for e follows from condition (c) of the construction.

Thus, all the requirements in Lemma 3.10 hold. The lemma guarantees the
existence of a family of WIT*I edges covering V', one of which is in F3 and the
others in E®. Every edge in E*) is in E(Gy), hence contained in an edge of
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H. Replacing those edges by edges of H containing them, we obtain an edge
cover in H of size YI=1. This contradicts our choice of H as a counterexample
to Proposition 3.1. O

It remains to prove Lemma 3.10. The proof will be by induction on |V,
using contraction in the induction step. The following claim will be useful in
this context, and we start with its statement and proof.

Claim 3.11. Let G and H be a graph and a 3-uniform hypergraph, respectively,
on the same vertexr set V. Assume that G is factor-critical, and every edge of H
contains at least two edges of G. Let O be an induced odd cycle in G such that
V(O) is not GIH coverable and E(O) C OE(H). Suppose that uiv; € E(G),
up ¢ V(O), vy € V(O). Then there exists ugva € E(G) such that us ¢ V(0),
ve € V(0), ug # u1, and V(O) U {ui,us} is GIH coverable.

Proof. By assumption, for every edge xy of O there exists a vertex z such that
zyz is an edge of H. We argue that z cannot be a vertex of O. Indeed, if it is,
then we consider two cases. If x,y, z are consecutive on the cycle O then using
xyz and a perfect matching of the rest of the cycle we get a G!H cover of V(0),
contradicting our assumption. If z,y,z are not consecutive then, by another
assumption, either zz or yz is an edge of G which is a chord of O, contradicting
the fact that O is induced. We conclude that for every edge xy of O there exists
a vertex z = z(zy) ¢ V(O) such that zyz is an edge of H.

Now, let ujv; € E(G) with uy ¢ V(O), v1 € V(O) be given as in the claim.
In order to find an edge ugvs € E(G) as required, we distinguish between three
cases.

Case I. z(zy) = u; for all zy € E(O).

As @G is factor-critical, there exists a perfect matching M in G — {u;}. Since
[V(0)] is odd, M must contain an edge usvy with us ¢ V(O), va € V(O),
ug # uy. Let zy be an edge of O so that z,y,vs are consecutive. We get a
G'H cover of V(0) U {uy,us} by taking zyu;, usvy and a perfect matching of
O — {x,y,v2}.

Case I1. z(xy) # uy for all zy € E(O).

Let zy be an edge of O so that z,y,v; are consecutive. Let z(zy) = ug # us.
As xyus is an edge of H, one of xus, yus is an edge of G. We choose vy to be x
or y accordingly. We get a GIH cover of V(O) U {u1,u2} by taking xyus, ujvy
and a perfect matching of O — {x,y,v1}.

Case IIT. Both z(zy) = u; and z(zy) # u; occur among edges zy € E(O).

In this case, we can find such occurrences at two adjacent edges of the cycle.
Say x,y,v are consecutive, z(zy) = u; and z(yv) = uz # uy. If zuy € E(G)
then we take vy to be y or v, whichever of them satisfies usve € E(G). We
get a G!H cover of V(O) U {u1,us} using yvus, xu; and a perfect matching of
O — {z,y,v}. If vuy € E(G) then we take vy = v, and use zyu;, vuz and a
perfect matching of O — {x,y,v} for a G'H cover of V(O) U {uy,us}.

The remaining possibility is that none of zu; and vus is in F(G). Then we
know that yu; and yus are both in E(G). Now we consider the edge vw of
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the cycle, where w # y (possibly w = 2 when O is a triangle), and distinguish
between two cases. If z(vw) = u; we take vy = y, and use vwuy, yus and a
perfect matching of O — {y,v,w} for a G!H cover of V(O) U {uy,us}. Finally,
if z(vw) = ug # uy then we let ug play the role of us in the claim, and v or w
play the role of vo. We get a G!H cover of V(O)U{u1,us} by taking vwus, yu;
and a perfect matching of O — {y, v, w}. O

Proof of Lemma 3.10. Let V, G, H, and x € V be as in the statement of the
lemma. As G is factor-critical and |V| > 1, let Uy, Us, ..., Usks1 be a partition
of V as in Lemma 2.3. We first treat the special case in which both of the
following hold:

o Every edge e € E(G) satisfies condition (a) or (5) in Lemma 3.10.
e Every U;, except possibly the one containing z, is a singleton.

In this special case, we prove the lemma by explicitly constructing a G!H cover
of V.

Assume w.l.o.g. that € Uy. Let U; = {v;} for i = 2,3,...,2k+ 1. Consider
the edge vovs € E(G). Because it does not contain z, it must satisfy condition
(8). Thus, there exists a vertex u such that vovsu € E(H). Suppose first that
u = v; for some 5 <7 < 2k + 1. Since vovzu must contain at least two edges of
G, either vou or vsu is in E(G). In either case, we get an edge between two non-
cyclically adjacent U;’s, contradicting the structure described in Lemma 2.3. Tt
follows that w = v4 or u € Uj.

If u = v4 we obtain a G!H cover of V' by taking vovzu, vsvg, . . ., Uok—_1Vok,
vog+10 for some v € Uy, and a perfect matching in G[U;]—{v}. If u € U; we use
VU3, VgUs, . .., UakUogp+1, and a perfect matching in G[U;] — {u}. This proves
the lemma in the special case.

When the special case does not hold, there are two possibilities.

Possibility 1. Every edge e € E(G) satisfies condition («) or (/) in Lemma 3.10,
and there exists a U; such that « ¢ U; and |U;| > 1.

Possibility 2. There exists an edge e € E(G) that satisfies only condition (v) in
Lemma 3.10.

We will handle these possibilities by induction on |V|. We begin with a
general description of the argument, which is valid for both possibilities. Later
on, we will fill in the details, some of which differ between the two possibilities.

We assume, for the sake of contradiction, that V' is not G!H coverable. We
choose an induced odd cycle O in G so that the following conditions hold:

z ¢ V(). (9)
E(O) COE(H). (10)
G/V(0) is factor-critical. (11)
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The particular way we choose such O will be explained later. For ease of nota-
tion, we write G’ = (V', E’) for the contracted graph G/V(O), and denote the
vertex formed in the contraction by vp € V.

We also define a 3-uniform hypergraph H' on V’. It coincides with H on
V' \ {vo}, and the edges containing vp are those {u1, us,vo} satisfying:

- V(O) U {uy,us} is GIH coverable.
- {u1,u2,v0} contains at least two edges of G’.

Suppose for the moment that V/, G’ (with a suitable order < on E’), H’, and
x € V' satisfy the assumptions of Lemma 3.10. Since |V’| < |V| (because the
contraction collapses at least three vertices into one), the induction hypothesis
provides a G''H’ cover of V'. From it, we can construct a G'H cover of V as
follows. If vp belongs to the H' edge in the cover of V’, we replace that edge
urugvo by a GIH cover of V(O) U {uy,us}. If vo belongs to a G’ edge in the
cover of V', say uvp, we replace it by uv for some v € V(O) and add a perfect
matching in O — {v}. In either case, V turns out to be G!H coverable and we
are done.

Thus, it remains to indicate our choice of an induced odd cycle O in G so
that (9), (10) and (11) are satisfied, and to verify that under this choice, with
a suitable order on E’, the assumptions of Lemma 3.10 hold for V', G, H’,
and z € V/. We start with verifying the assumptions, which for the most part
depends only on (9), (10) and (11).

First, |[V’| > 1 because {z,vo} C V’'. G’ is factor-critical by (11), and H' is
3-uniform by definition. The property that an edge of H' contains at least two
edges of G’ is inherited from the same property of H with respect to G when
the edge of H' does not contain vp; and it is part of the definition of H' when
the edge of H' contains vo.

For an edge e of G that is not contained in V(O), let us denote by ¢’ the
corresponding edge of G’. That is, ¢/ = e if e is disjoint from V(0), and ¢’ = uvp
if e = wv for some u ¢ V(0), v € V(O).

Using the fact that e € E(G) satisfies («), (8) or () in the statement of the
lemma, we would like to show that the same is true for ¢’ € E(G’) with respect
to H'. Regarding condition (), this is immediate:

r€e = xzee. (12)

Indeed, by (9) « ¢ V(O), so this follows from the definition of the contraction.
For condition (8) the argument is more involved, and we start by showing the
following:

e=uv,u ¢ V(0),veV(0) = € €dEH). (13)

Note that for such e, we assert that e’ satisfies () regardless of whether or not
e satisfies it. The proof is an application of Claim 3.11. First, we verify that
G, H, and O satisfy all the assumptions of Claim 3.11. The only assumption
that requires some checking is that V(O) is not G!H coverable. Suppose it
is. Because G’ is factor-critical by (11), we know that G — V(O) has a perfect
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matching M. Adding M to a G!H cover of V(O) gives a G!H cover of V,
contradicting our assumption that V is not G!H coverable.

Thus we can apply Claim 3.11 with the given edge e = wv in the role of ujv;.
We get another edge usve € F(G) such that us ¢ V(0), vy € V(0), us # uy,
and V(O) U {u1,us} is GIH coverable. By the definition of H’ we obtain that
urugvo € E(H'); indeed, the second requirement in the definition holds because
both uijvo and usvo are edges of G’ obtained by contracting uiv; and uqvs,
respectively. Thus €' = wvp, being contained in ujusvo (recall that u = uy),
satisfies ¢ € OF(H'), which proves (13).

Next, we prove:

e g V(0), e € OE(H) = ¢ € dE(H'). (14)

In view of (13), it remains to prove this implication for edges e disjoint from
V(O). Then we have e = ujus with uy,us ¢ V(0), and e’ = e. By assumption,
there exists a vertex y € V such that wjusy € E(H). If y ¢ V(O) then
urugy € E(H') and we are done. If y € V(O) then we claim that ujusvo €
E(H"). Indeed, V(O)U{uy, us} is G!H coverable, by taking ujusy and a perfect
matching in O — {y}. Moreover, since ujusy contains at least two edges of
G, uijusvp contains at least two edges of G’. Thus, by the definition of H’,
ujugvo € E(H'). As it contains ¢’ = ujus, this confirms that ¢’ € OE(H').

So far we have seen that if e satisfies condition (), respectively (5), then so
does €’. We leave condition (v) for later, and proceed to handle Possibility 1. In
this case, every edge of G satisfies («) or (), so by the above every edge of G’
satisfies («) or (). Thus, the assumptions of Lemma 3.10 hold for V', G, H’,
and z € V' regardless of the order < (which is only relevant to condition (7)).
To complete the proof in this case, we just show that an induced odd cycle O
in G can be chosen so that (9), (10) and (11) are satisfied.

By the assumption of Possibility 1, we can find a part U; in the partition of V'
provided by Lemma 2.3 so that = ¢ U; and |U;| > 1. As G[U,] is factor-critical,
Lemma 2.2 guarantees the existence of an induced odd cycle O in G[U;] such
that G[U;]/V(O) is factor-critical. We claim that such O satisfies (9), (10) and
(11). Indeed, (9) holds by the choice of U;. Since every edge of G satisfies («) or
(8), but the edges of O do not satisfy (a), all of them satisfy (5) and (10) holds.
To verify (11), it suffices to check that G/V(O) admits a partition as described
in Lemma 2.3. Indeed, taking the partition U, Us,...,Us,+1 corresponding to
G and replacing the U; that contains V(O) by (U; \ V(0)) U{vo} yields such a
partition for G/V(O). This completes the inductive proof of the lemma in the
case when Possibility 1 holds.

From now on, we assume that Possibility 2 holds. Thus, there exists an edge
e € E(G) that satisfies only condition () in the lemma. We denote by € the first
such edge according to the order < on E(G), and consider the Gallai-Edmonds
decomposition of G(®), namely D(¢) = Dgé) U Déé) U---u Df}fg), Al c@, By
condition (v), we know that |A(®)| = (& —1 > 1, and there is a component
D]((e)> such that |Dj((e)> >3, x¢ D;fg), and e has one endpoint in Dj(f)) and the
other outside it.
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We first prove:
e<e — DJ(:?) - D,(:‘) for some 1 < k < r(©), (15)

Indeed, as |A(®)| = (& — 1, for every vertex in D(®) there is a near-perfect
matching in G, hence also in G(®), avoiding that vertex. This implies that
D® C D and because vertices in the same component of D) are still
connected in G(®), they must lie in the same component of D) proving (15).

As G© [Dﬁg)] is factor-critical, we can find by Lemma 2.2 an induced odd
cycle O in it such that G(©) [D;f?)] /V (O) is factor-critical. Note that O is induced
in G(® but is not necessarily induced in G. If it is, we take O = O in our proof.
If it is not, then using Lemma 2.1, we take O to be an odd shortening of O
which is induced in G. We proceed to verify that O has the required properties.

Since x ¢ D;fg), (9) holds. To check (10), we note that the edges of O are
either edges of O or chords of O. In the former case, as O lies in G®), they
must satisfy («) or () by the minimality of €. But («) is already excluded, so
these edges satisfy (3): they are in OE(H). In the latter case, if e is a chord of
O then e € E(G)\ E(G®), hence & < e. It follows from (15) that e C D,(f) for
some 1 < k < 7(®). Thus e does not satisfy condition (), and because () is
excluded, we deduce that e satisfies (5). This concludes the verification of (10).

In order to check (11), we first show:

G® [D;f?) \ V(0)] has a perfect matching. (16)

Indeed, because G(®) [Dj(i?)] /V(O) is factor-critical, there is a perfect matching
of D;—% \ V(0) in G®. If O = O this is exactly what we need. If O is an
odd shortening of O formed upon replacing the odd paths Q1,Qs,...,Q, by
chords, we just need to add perfect matchings of the internal vertices of these
odd paths. This proves (16).

To verify (11), it suffices by Lemma 2.8 to show that G — V' (O) has a perfect
matching. We show that already G® — V(O) has one, and do this in two
parts: V' \ Dj(,fg) has a perfect matching in G®) due to the Gallai-Edmonds
decomposition having |A®)| = r(®) —1, and D§2> \ V(O) has a perfect matching
in G by (16). This completes the proof that O satisfies (9), (10) and (11).

We now define an order on E' = E(G/V(O)). For this purpose, we write

each edge in E’ as ¢, where e is the first edge of G whose contraction gives this
e’. We use the given order on E(G) to order E”:

el <ey < e <ea.

Note that under this definition of the order on E’, contraction and taking the
subgraph of preceding edges commute: G/¢) = G(©) )V (0).

It remains to complete the verification that the assumptions of the lemma
hold for V', G, H', and x € V’; this will allow the inductive argument to take

23



care of Possibility 2. Every edge e of G is known to satisfy («), (8) or (), and
we have already shown in (12) and (14) that if it satisfies («) or (8) then so
does ¢/. Thus, we may assume that e € E(G) satisfies only condition (y). By
the choice of &, we have & < e. If e has one vertex in V(O) and the other outside
it, then by (13) ¢’ satisfies (). Thus, we may assume that e NV (0) = 0 and
therefore e’ = e.

We will show that in this case e’ satisfies (). For this we need to describe
the Gallai-Edmonds decomposition of G’¢) = G(¢) /V(0). As & < e, we know
from (15) that V(O) C D;.fg) C D,(:) for some 1 < k < (&, We claim that the
Gallai-Edmonds decomposition of G(¢) /V(O) is obtained from that of G(¢) upon
replacing D](:) by (D,(:) \ V(O)) U{vo}. To check this, we only need to verify
that G(¢) [D,(f)] /V(0) is factor-critical (the other structural requirements are
not affected by the contraction). As G(¢) [D,(f)} is factor-critical, by Lemma 2.8

it suffices to show that D,(Ce) \ V(O) has a perfect matching in G(¢). In fact, we
show below that it has a perfect matching already in G(®), which is a subgraph
of G(©).

Indeed, let M be a near-perfect matching in G(®) that misses a vertex v €
Dj(f)) By Corollary 2.7, M has a subset M’ with |y M’ = Dj(,fg) \ {v}. Another
application of this corollary, when viewing M as a near-perfect matching in G(¢),
shows that M has a subset M” with [JM” = D'\ {v}. Thus J(M" \ M') =
Dl(f) \Dj(fz) Adding to M" \ M’ a perfect matching in G(®) [Dj(iz) \ V(O)] which
exists by (16), we obtain a perfect matching of D,(:) \V(0) in G, as promised.
This confirms that G(¢) [D,(:)] /V(O) is factor-critical, and therefore the Gallai-

Edmonds decomposition of G’ (¢) is as described above.
We know that e satisfies condition () with respect to the decomposition
of G, and ¢ = e. In order to verify that e’ satisfies (y) with respect to the

decomposition of G'(¢), we only need to check that after contracting D,(Ce) to

(D,(f) \ V(0)) U {vo}, the j(e) component still has more than one vertex. If
jle) # k there is nothing to prove. If j(e) = k then, after contraction, this
component still contains one vertex of e (which is disjoint from V' (0)), as well
as vo. So indeed €’ satisfies condition (7).

This completes the argument that under Possibility 2, every edge in E(G’)
satisfies (), () or (7). Thus, the inductive proof of the lemma works for both
possibilities. This ends the proof of Lemma 3.10, hence also of Proposition 3.1
and Theorem 1.2. 0

4 A Gale-Shapley type theorem for triples
The well-known stable matching theorem of Gale and Shapley [7] can be for-
mulated in terms of bipartite graphs as follows. Consider a bipartite graph

G = (V, E), where every vertex v has a linear order =, on the set E, of edges
incident to v. Here vx =, vy means that v prefers to be matched to x than to y
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(or z = y). A matching M in G dominates an edge e = uv € F if either u or v
has an edge incident to it in M that it weakly prefers to e. A matching is stable
if it dominates every edge in FE. The stable matching theorem says that every
bipartite graph, with any system of preferences as above, has a stable matching.
This theorem and related ones have been much studied and widely applied in
practice, e.g., to job markets, school assignments, and matching of organ donors
to patients.

One direction of study is to allow the sets that can be formed (the edges) to
be larger, not just couples. This is modeled by a hypergraph H = (V, FE) and
a preference system (i”)uev’ where each =, is a linear order on F,, the set of
edges in F that contain v. A set of edges {e1,ea,...,em}t C E dominates an
edge e € F at a vertex v € e if for some 1 < i < m we have v € ¢; and e; =, e.
We say that {e1,ea,...,en,} is stable if it dominates every edge e € FE at some
v Ee.

When H is a bipartite graph, this coincides with the standard model de-
scribed above, and a stable matching is guaranteed to exist. Beyond bipartite
graphs, however, this is no longer true. Simple examples without a stable match-
ing are known already for non-bipartite graphs (“the roommates problem” [7])
and for 3-partite hypergraphs (“threesome matchings” [2]).

One way to regain existence is to relax the notion of matching to its fractional
version. A fractional matching in H = (V, E) is a function f : E — Ry that
satisfies ) -, f(e) <1 for every vertex v € V. Note that these inequalities are
opposite to those required for a fractional edge cover. We say that a vertex v is
saturated by fif 3 o f(e) = 1. Given a preference system for H, a fractional
matching f in H dominates an edge e € E at a vertex v € e if

S {f(E) e € By =y e} = 1.

Observe that this requires v to be saturated by f, and all edges ¢’ € E, with
f(e") > 0 to be weakly preferred to e by v. We say that f is stable if it dominates
every edge e € E at some v € e. Note that if f is {0, 1}-valued, this means that
the 1-valued edges form a stable matching. The following theorem of Aharoni
and Fleiner [1] guarantees the existence of a stable fractional matching (in the
special case of graphs, this is implicit in an earlier result of Tan [16]).

Theorem 4.1 ([1]). For any hypergraph H = (V, E) and preference system
(iv)vev there exists a stable fractional matching.

Here we propose another relaxation of the notion of stable matching. In-
stead of looking at matchings, we consider arbitrary sets of edges, and want
to guarantee the existence of a stable one whose size is small (in terms of the
number of vertices and the edge size). We will obtain such a result for 3-uniform
hypergraphs by combining Theorem 4.1 and Corollary 1.3.

More precisely, we need a slight generalization of Corollary 1.3, which may be
of independent interest. In the corollary, we assumed the existence of an exact
fractional edge cover, which is the same as a fractional matching which saturates
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all the vertices. The following proposition is an adaptation of the corollary that
handles fractional matchings which may not saturate all the vertices.

Proposition 4.2. Let H = (V, E) be a 3-uniform hypergraph with |V| = n. Let
f+E — Ry be a fractional matching, and let S be the set of vertices saturated
by f. Then there exists a set of edges E' C {e € E : f(e) > 0} of size |[E'| < &
such that S C U E'.

Proof. First, we remove from E any edges e with f(e) = 0. Next we describe, in
three steps, a finite process in which we add new triples to E which are disjoint
from S and assign weights to them, or increase the weights of existing such
edges. At the end of the process, we will be able to apply Corollary 1.3 to the
resulting hypergraph.

Step 1. As long as there are at least 3 unsaturated vertices in V', we pick three
of them u, v, w, add uvw to E if it is not an edge already, and assign or increase
its weight so that at least one of u, v, w becomes saturated while the weight at
the others does not exceed 1.

Step 2. Let U be the set of vertices that remain unsaturated at the end of
Step 1. Then |U| < 2. For each u € U, let a,, < 1 be the additional weight
that u needs in order to be saturated. We add to V' a set W = {wy, we, w3, wy}
of 4 new vertices. For each u € U, we add new edges uwiws and uwsw, with
weight %+ each. Now all vertices in V' are saturated, and the weight at each w;

is ZuEU QTu <L
Step 3. We add the 4 triples contained in W as new edges with weight %(1 —

> weur %5+) each. Now all vertices in V U W are saturated.

Applying Corollary 1.3 to the resulting hypergraph, we find a set E” of edges
(original or new) that cover V' U W, such that |E”| < 241, Because original
edges do not contribute to covering W, there must be at least two new edges
in E”. We remove the new edges from E” and obtain E' C {e € E : f(e) > 0}
of size |E'| < %. We have S C [JE' because the new edges are disjoint from
S. O

We are now ready to state and prove the main result of this section.

Theorem 4.3. For any 3-uniform hypergraph H = (V, E) and preference sys-
tem (t”)vev there exists a stable set of edges {e1,es,...,em}t C E with m <
V]

T.

Proof. Let f : E — R, be a stable fractional matching, whose existence is
guaranteed by Theorem 4.1. Let S be the set of vertices saturated by f. Ap-
plying Proposition 4.2, we can find a set of edges {e1,ea,...,en} C E with
m < % such that S C |-, e; and f(e;) > 0 fori=1,2,...,m. We claim that
{e1,€2,...,em} is stable. Indeed, let e € E. As f is stable, it dominates e at
some v € e. By definition, this means that v € S and all edges ¢/ € F, with

f(e) > 0 satisfy ¢’ >, e. Choosing e; such that v € e;, we have e; >, e, which
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shows that {e1,es,..., e, dominates e at v. As e was arbitrary, this proves
that {e1,ea,...,emn} is stable. O

The following example shows that Theorem 4.3 is sharp.

Example 4.4 (K f’) with cyclic preferences). Let H be the complete 3-uniform
hypergraph on 4 vertices. We write the vertex set as V = {0,1,2,3} and use
addition modulo 4. The preferences of each vertex i are:

VA{i+1} = V\{i+2} = V\{i+3}

No single edge forms a stable set. Indeed, the edge V' \ {i} does not dominate
the edge V'\ {i + 3}, because the vertices i + 1 and i + 2 both prefer V'\ {i + 3}
to V'\ {i}. Thus, the smallest size of a stable set of edges is 2. More generally,
we can take k disjoint copies of this example. Then we have 4k vertices, and
a stable set of edges must contain at least two edges from each copy, hence a
total of at least 2k edges.

We remark that the analog of Theorem 4.3 for graphs holds with the sharp
bound m < 2|V|. This can be deduced quite easily from Tan [16]. We omit the
details.
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