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Abstract

Uniform laws of large numbers form a cornerstone of Vapnik—Chervonenkis theory, where they
are characterized by the finiteness of the VC dimension. In this work, we study uniform conver-
gence phenomena in cartesian product spaces, under assumptions on the underlying distribution
that are compatible with the product structure. Specifically, we assume that the distribution is abso-
lutely continuous with respect to the product of its marginals, a condition that captures many natural
settings, including product distributions, sparse mixtures of product distributions, distributions with
low mutual information, and more.

We show that, under this assumption, a uniform law of large numbers holds for a family of
events if and only if the linear VC dimension of the family is finite. The linear VC dimension is
defined as the maximum size of a shattered set that lies on an axis-parallel line, namely, a set of
vectors that agree on all but at most one coordinate. This dimension is always at most the classical
VC dimension, yet it can be arbitrarily smaller. For instance, the family of convex sets in R% has
linear VC dimension 2, while its VC dimension is infinite already for d > 2. Our proofs rely on
an estimator that departs substantially from the standard empirical mean estimator and exhibits a
more intricate structure. We show that such deviations from the standard empirical mean estimator
are unavoidable in this setting. Throughout the paper, we propose several open questions, with a
particular focus on quantitative sample complexity bounds.

Keywords: uniform convergence, VC Dimension, product spaces, distribution learning.

1. Introduction

A central theme in statistics and learning theory is to understand when empirical averages provide
reliable uniform approximations to their population counterparts. Such uniform laws of large num-
bers lie at the heart of statistical learning theory: they underlie generalization guarantees, sample
complexity bounds, and the analysis of learning algorithms. Classical results show that, for families
of events, uniform convergence is characterized by the Vapnik—Chervonenkis (VC) dimension Vap-
nik and Chervonenkis (1971), while for real-valued function classes it is governed by complexity
measures such as Rademacher averages or fat-shattering dimensions Kearns and Schapire (1994);
Alon et al. (1997); Bartlett and Long (1998). These results play a basic role in learning theory and
in the study of generalization.

Much of the classical theory treats the underlying distribution as arbitrary and makes no use
of additional structure of the domain. In many applications, however, the domain naturally carries
a product structure, with data points represented as vectors of features or measurements. In such
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settings, it is often reasonable to restrict attention to distributions that are compatible with this struc-
ture, for instance through independence or weak dependence across coordinates. The focus of this
work is to understand how such product structure can be leveraged in the uniform estimation prob-
lem, and to identify complexity measures that govern uniform convergence under these structural
assumptions.

1.1. Uniform Estimation

We begin by presenting an abstract uniform estimation problem. This framework captures a broad
range of questions in statistics and learning theory and provides a common language for classical
uniform laws of large numbers as well as for the results developed in this work.

Uniform Estimability

Let X be a domain, let P be a family of distributions over X, and let F be a class of real-
valued functions on &X'. Under what conditions does there exist an estimator which, given i.i.d.
samples from an unknown distribution P € P, approximates the expectations

P(F) = Ex~p[F(X)|
uniformly and simultaneously for all F' € F?

For simplicity, and in line with much of the learning-theoretic literature, we focus on the case
where F consists of indicator functions of measurable subsets of X. Thus, each F' € F corresponds
to an event, and the quantity of interest is the probability P(F'). This setting encompasses the clas-
sical uniform convergence problem studied in Vapnik—Chervonenkis theory. While our presentation
focuses on events, the ideas and techniques developed in this paper extend naturally to more general
classes of real-valued functions.

From a statistical perspective, the goal is to estimate these probabilities from finitely many
independent samples. An estimation algorithm A is therefore a mapping A : |J,7_; X™ — [0, 1]*.

Given a sample z1, ..., z,, € X drawn independently from an unknown distribution P € P,
the algorithm outputs estimates P, (F) € [0, 1] for the probabilities P(F), simultaneously for all
F € F. A canonical example is the empirical estimator, which assigns P, (F) := L 37" 1[z; €
F]. When it is possible to approximate the probabilities of all events in F uniformly over all target
distributions in P, we say that the pair (F, P) is uniformly estimable.

Definition 1 (Uniform Estimability) We say that a pair (F,P) is uniformly estimable if there
exist a sample complexity bound m : (0,1)?> — N and an algorithm A such that for every €, €
(0,1) and every distribution P € P, the following holds: if x1,...,x,, are drawn independently
from P for m > m(e, ), then with probability at least 1 — 6,

VE € F: |Pu(F)—P(F)| <e,

where P, = A(x1,...,xy) denotes the estimator output by A.

Before presenting our main results, we illustrate the scope of the uniform estimability frame-
work by revisiting two classical extremes in statistical learning theory. The first corresponds to the
case where the family of distributions P is unrestricted, leading to Vapnik—Chervonenkis theory.
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Figure 1: Uniform estimation regimes. The dashed curve separates uniformly and non-uniformly
estimable regimes based on the richness of the event class F and distribution family P.

The second corresponds to the case where the family of events F is unrestricted, which is intimately
related to the hypothesis selection problem. These examples delineate the classical boundaries of
uniform estimation and serve as reference points for the structured distribution families studied in
this work.

THE FAMILY OF DISTRIBUTIONS P 1S UNRESTRICTED (VC THEORY)

Consider the classical distribution-free setting in which the family of distributions is unrestricted,
P = A(X). The central question of Vapnik—Chervonenkis theory is to characterize those (possibly
infinite) classes JF for which (F, A(X)) is uniformly estimable.! The seminal work of Vapnik and
Chervonenkis (1971) shows that this holds if and only if F has finite VC dimension d. Moreover,
the empirical distribution is minimax—optimal in this setting, achieving the sharp sample complexity
m(e,8) = O((d +log(1/6))/e?) (Blumer et al., 1989; Talagrand, 1994).

THE FAMILY OF EVENTS F 1S UNRESTRICTED (HYPOTHESIS SELECTION)

Consider the opposite extreme, in which the family of events is unrestricted, 7 = 2. In this case,
uniform estimation coincides with learning the underlying distribution in total variation distance.
When the family of distributions P = { P4, ..., P, } is finite, this problem admits a classical solution
via the hypothesis selection method of Yatracos (1985). The method is based on the Yatracos sets
D;j = {x € X : Py(x) > Pj(x)}, and the associated class D(P) := {D;; : i,j € [n]}. These
sets satisfy

TV(P;, P;) = 111)121})(|Pi(D) — Pi(D)|  foralli,j € [n].

1. Classical VC theory focuses on uniform convergence of the empirical mean estimator and does not explicitly consider
arbitrary estimators. However, the no-free-lunch lower bound underlying the necessity of finite VC dimension applies
to any estimator, and thus the characterization extends beyond the empirical mean.
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As a consequence, with m = ©((log n+log(1/8))/e?) samples, the empirical distribution p, uni-
formly approximates the probabilities of all sets in D. Selecting a distribution p; € P that minimizes
maxDep‘Pi(D) — Pm(D)‘ yields a sound estimator. More generally, the same approach extends
to infinite families P whenever the associated Yatracos class D(P) has finite VC dimension d, in
which case the sample complexity scales as m = Q((d + log(1/6))/e?).

In contrast to the VC setting discussed above, a general characterization of those infinite families
of distributions 7 for which the pair (F = 2%, P) is uniformly estimable is not known. Moreover,
it is known that VC-type combinatorial characterizations are impossible in this regime (Lechner and
Ben-David, 2024).

Roadmap. In Section 2, we state our main result in qualitative form. Within this section, Sec-
tion 2.1 presents a collection of examples illustrating the scope and applicability of our result. In
Section 2.2, we discuss the quantitative sample complexity bounds that follow from our analysis
and formulate several open questions aimed at closing the remaining gaps. In Section 3, we provide
a high-level overview of the proof and describe the resulting estimation procedure. Full proofs are
deferred to the appendix.

2. Main Result

We now turn to uniform estimation on product domains X = W; x --- x Wy. To state our main
result, we introduce two notions. The first is a distributional regularity condition, termed uniform
box—continuity. The second is a combinatorial parameter of F, called the linear VC dimension.
With these definitions in place, we then state our main theorem.

Uniform Box—Continuity. We begin by recalling a quantitative formulation of absolute conti-
nuity. Let P and () be probability distributions on a measurable space (X', ¥). Recall that P is
absolutely continuous with respect to () if for every a > 0 there exists 5 > 0 such that for every
measurable set F,

P(E)>a = Q(E) > .

This condition is the usual notion of absolute continuity, commonly denoted in measure theory
by P < ). We now specialize this notion to product spaces. Let X = W; x --- x Wy, and
let P € A(X). Denote by P; the marginal of P on W;, and by Py := H‘ij:l P; the product of
marginals.

Definition 2 (Uniform box—continuity) A family of distributions P C A(X) is uniformly box—
continuous if for every a > 0 there exists 3 > 0 such that for every P € P and every measurable
set EC X, P(E) >a = Po(E)>p0.

Whenever a family P is uniformly box—continuous, we refer to any function 5: (0,1] — (0,1]
satisfying Definition 2 as a modulus of box—continuity for P. We denote by Ps the family of
all distributions that are box—continuous with modulus 8. This condition is analogous to uniform
continuity in analysis: the same « — [3(«) relationship applies uniformly to all distributions in the
family P. For example, the family of all product distributions on X is uniformly box—continuous,
with B(«) = . We present additional examples of uniformly box—continuous families after stating
the main result.
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Linear VC Dimension. We now introduce the combinatorial parameter governing uniform esti-
mation in product spaces. A set L C X is called an axis—parallel line if there exists an index i € [d]
and elements w; € Wj for all j # i such that

L={(z1,...,2q) € X : 3j = w; forall j #i}.

A set S C X is called colinear if it is contained in some axis-parallel line. Equivalently, S is a
set of points in X that agree on all but one coordinate.

Definition 3 (Linear VC dimension) The linear VC dimension of a class F C 2% denoted
LVC(F), is the largest integer k for which there exists a colinear set S C X of size k that is
shattered by F, meaning that for every labeling S — {0, 1}, there exists a set F' € F that realizes
this labeling on S. If no such finite k exists, we set LVC(F) = oc.

Theorem 4 (Main Result) Let X = W), X --- X Wy be a product measurable space, and let
F C 2% be a family of events. Then, the following are equivalent:

1. LVC(F) < o0.

2. For every uniformly box—continuous family of distributions P C A(X), the pair (F,P)
is uniformly estimable.

The necessity of finite linear VC dimension is relatively straightforward and follows from stan-
dard no—free—lunch lower bounds for VC classes. The more substantive part of the theorem is the
converse direction, showing that finite linear VC dimension is also sufficient for uniform estima-
bility under uniformly box—continuous distributions. In this sense, Theorem 4 identifies linear VC
dimension as the only obstruction to uniform estimation in product spaces within this regime. Es-
tablishing sufficiency requires a combination of techniques, including packing arguments and the
construction of grid-based estimators that explicitly exploit the underlying product structure. We
provide a high-level overview of the proof strategy in Section 3.

The special case in which the family P consists solely of product distributions has been studied
in several prior works (Cai and Daskalakis, 2017; Guo et al., 2020; Harms and Yoshida, 2022; Livni
and Mansour, 2019; Coregliano and Malliaris, 2024). In particular, the results of Cai and Daskalakis
(2017), Livni and Mansour (2019), and Coregliano and Malliaris (2024) imply our characterization
in this regime. The conclusion of Cai and Daskalakis (2017) is weaker, as uniform estimation there
is implied by the finiteness of the VC dimension of the coordinatewise projections of F, a parameter
that is always at least as large as the linear VC dimension and can be infinite even when LVC(F) is
finite. By contrast, Livni and Mansour (2019) were the first to introduce a combinatorial dimension
essentially equivalent to the linear VC dimension and use it to characterize uniform estimation in the
symmetric i.i.d. setting; this perspective was further developed in Coregliano and Malliaris (2024),
which replaces the i.i.d. assumption by weaker symmetry notions related to exchangeability.

Unlike these works, our results do not rely on symmetry assumptions or exact independence,
and apply to any distribution families exhibiting weak independence as formalized by uniform box—
continuity. For example, our framework covers finite mixtures of product distributions as well as
distributions with low mutual information, such as non-degenerate multivariate Gaussians, which
fall outside the scope of previous work. Additional examples illustrating this broader regime are
discussed in the following section.



HOLZMAN MORAN SHLIMOVICH

2.1. Examples

In this section we present several basic examples that illustrate the scope of Theorem 4 and aim to
provide intuition for the notions of linear VC dimension and uniform box-continuity. Examples 1
and 2 present natural distribution families satisfying uniform box—continuity. Example 3 shows
a natural class with infinite VC dimension and finite linear VC dimension. Example 4 highlights
a setting in which the classical empirical estimator fails, motivating the need for estimators that
explicitly exploit product structure.

Example 1 (Mixtures of product distributions). We begin with a basic example of uniform
box-continuity beyond exact product distributions, given by finite mixtures of product distributions.
Establishing uniform box-continuity in this case already requires some care.

Proposition 5 (Mixtures of product distributions) Ler P be a probability distribution on X =
Wi X -+ X Wy that can be written as a mixture of at most k product distributions. Then P is
uniformly box—continuous with modulus

d

Bla) = (k—1+a)yd1t

We prove Proposition 5 in Appendix F.1, where we also show that the modulus is almost optimal,
as B(a) < a?/(k — 1) %! is unavoidable.

Consequently, all mixtures with at most k£ components share a common modulus 5(a) =
a?/(k — 1+ a)? ! and form a uniformly box—continuous family. In the special case k = 1,
this reduces to the setting of product distributions, for which P = F5 and uniform box—continuity
holds with the identity modulus 8(«a) = «a.

Example 2 (Bounded mutual information). Another natural source of uniform box—continuity
arises from information—theoretic constraints. Recall that for a probability measure P on X =
Wi x -+ X Wy, the box projection P denotes the product distribution obtained from the one—
dimensional marginals of P. The total correlation (also known as multi—information) is defined by
TC(P) := KL(P|| Pg), where KL denotes the Kullback-Leibler divergence. For d = 2, the total
correlation coincides with the usual mutual information.

Proposition 6 (Bounded total correlation implies uniform box—continuity) Fix C' > 0 and let
Pc = {P: TC(P) < C}. Then the family Pc is uniformly box—continuous with modulus

—H(a) - c) |

(07

Bla) = eXp<

where H(a) := —aloga — (1 — a) log(1 — «) denotes the binary entropy function. In particular,
every P € P¢ is box—continuous with this modulus.”

2. When C' = 0, one has TC(P) = KL(P || Pg) = 0, which forces P = P and hence P coincides with the family
of product distributions. In this case the optimal modulus of box—continuity is 3(c) = a. Moreover, plugging C' = 0
into the displayed formula gives 3(a) = exp(—H(a)/a) = < (1 4 o(1)) as o — 0. The entropy—based bound
stated here remains valid for C' = 0, but is conservative and does not capture this sharp behavior.
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Consequently, for every fixed C' > 0, the class of distributions on X whose total correlation is
at most C is uniformly box—continuous. The proof of Proposition 6 is given in Appendix F.2.

Gaussian case. Multivariate Gaussian distributions provide a concrete illustration of this phe-
nomenon. Let X = (X1, ..., X4) be a Gaussian random vector in R? with covariance matrix 3. In
this case, the total correlation admits the explicit closed—form expression

1 det(diag X)
TC(X) = 210g<det(2) >7

where Y. is the covariance matrix of X and diag 3 is obtained by zeroing out all off-diagonal
entries of J; see, e.g., Cover and Thomas (2012, Section 8.3). This quantity measures the deviation
from independence in terms of the volume ratio between the product of marginals and the joint
distribution. In particular, any family of Gaussian distributions for which this quantity is uniformly

bounded has bounded total correlation, and therefore falls within the scope of Theorem 4.

In the bivariate case d = 2, this expression simplifies to TC(X) = % log<1_1p2

the correlation coefficient between X; and X5. Thus, uniform box—continuity holds for bivariate
Gaussians as long as p? is bounded away from 1.

) , wWhere p is

Example 3 (Convex sets in R%). The power of Theorem 4 is most clearly seen when combined
with hypothesis classes that lie far beyond the reach of classical VC theory. Let X = R and let F
be the family of all convex subsets of R%. Then

VC(F) =00 but LVC(F)=2.

To see that the classical VC dimension of F is infinite, note that any finite set of points in convex
position in R is shattered by convex sets. When d > 2, there exist arbitrarily large such sets (for
example, points on a circle), and hence VC(F) = oo. On the other hand, the linear VC dimension
satisfies LVC(F) = 2, since restricting convex sets to any line in R? yields the class of intervals,
which has VC dimension 2. Consequently, while convex sets are not uniformly estimable under
arbitrary distributions, Theorem 4 implies that (F,P) is uniformly estimable for every uniformly
box—continuous family P.

In fact, to bound the linear VC dimension, it suffices to control the behavior of the class on axis—
parallel lines, rather than on all affine lines. For example, consider the class Fgiai; Of stair—convex
subsets of R?, where a set is stair—convex if for every two points that differ in a single coordinate
and belong to the set, the entire axis—parallel line segment between them is also contained in the set.
Restricting any stair—convex set to a coordinate axis yields an interval, and hence LVC(Fgtair) = 2.

Example 4 (Permutation graphs: why new machinery is needed). Let X' = [n] X [n], and
let F = {F; : m € S} be the family of permutation graphs, where each F corresponds to a
permutation 7 : [n] — [n] and is defined by

Fr:={(i,7(i)) : 1 € [n]}.

Thus, each set in F contains exactly one point in every row and every column and hence
LVC(F) = 1. By Theorem 4, F is therefore uniformly estimable with respect to any uniformly
box—continuous family of distributions.
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Nevertheless, the most natural estimator - namely, the empirical mean - fails even in this simple
setting. To see this, consider the uniform distribution on X = [n] x [n], which is a product distri-
bution and hence uniformly box—continuous with 3(«) = «. Suppose we draw m < \/n samples
from this distribution. By the birthday paradox, with high probability no two samples share the
same row and no two share the same column. Consequently, there exists a permutation 7 such that
all sampled points lie in F5.. For the empirical estimator, this yields P, (F;) = 1, whereas the true
probability satisfies P(Fy) = 1/n.

Since n can be taken arbitrarily large, this shows that the empirical mean does not uniformly
estimate F, despite the fact that LVC(F) = 1. This example highlights the need for estimators that
explicitly exploit product structure, as predicted by our main result. Formal proofs of the claims
above are given in Section F.3.

2.2. Quantitative Bounds

Beyond the qualitative characterization provided by Theorem 4, it is natural to ask for quantitative
guarantees. In this subsection we discuss the sample complexity of uniform estimation and state
explicit upper and lower bounds on the sample size needed to achieve uniform estimation.

2.2.1. UPPER AND LOWER BOUNDS

To state our quantitative bounds, we use the standard sample—complexity notation for uniform es-
timation. Let mr p(e, d) denote the smallest m € N for which there exists an estimator P,,, as in
Definition 1, such that

Pr [sup ‘ﬁm(S)(F) — P(F)| < 5} >1-9 for every P € P.
S~pmlper

Our proof of Theorem 4 is constructive and therefore yields explicit bounds on mz p(e,d). In
particular, we obtain the following general lower and upper bounds. Let g := LVC(F). Our lower
bound shows that even when P is the class of product distributions one necessarily has

g+log(1/5)) . )

mrple,6) > Q( L

On the other hand, the main estimator gives a general upper bound. To state it compactly, set

(g + log %)d_l

Tl (87 5) = 6(5/2)2(d_1)
and
o d—1
oy (s (558 )
2e0)= B(e/2)7 T
Then

_ [ cd-1g2(d-1)
mrp(e,6) <O (COSQg min{7} (e, ), Ta(e,0)} | . ()



UNIFORM LAWS OF LARGE NUMBERS IN PRODUCT SPACES

Here Cy > 0 is a universal constant, d is the width of the product space X = Wy x --- x Wy,
and S is the modulus of uniform box—continuity of P. That is, for every measurable event £ C X,
if P(E) > ¢/2, then

Po(E) = B(e/2).

The bound is proved in Appendix A; see in particular Lemma 12. The two terms in the minimum
correspond to the two estimates derived in Appendix B and Appendix C, respectively.

Special case: product distributions. When P consists solely of product distributions, a sharper
upper bound on the sample complexity can be obtained:

2

d 1
mrp(e,0) < 0(52(9+1og5)>.

This bound is also recovered as a special case of our analysis (see Remark 17 in Appendix A),
and in the product case it can be achieved using a similar estimator that exploits the exact product
structure, without the need to handle uniform box—continuity. The same bound can be derived from
the arguments of Cai and Daskalakis (2017); Livni and Mansour (2019), while one can obtain a
conceptually similar guarantee using Coregliano and Malliaris (2024).

A comparison of (1) and (2) reveals a substantial gap between our current lower and upper
bounds. Closing this gap leads to the following quantitative question.

Question 7 (Optimal dependence) Let P be a uniformly box—continuous family with modulus [,
and let F satisfy g := LVC(F). What are the tightest bounds on the sample complexity mr p(e,0)
that can be stated in terms of d, g, ¢, 6, and 5?

Among the various parameter gaps, the dependence on the width d stands out: our lower bound
does not involve d, whereas the current upper bound has a super-exponential exp(©(dlogd)) de-
pendence on d.

Tightness of the lower bound. We first observe that the lower bound (1) is already tight, up to
constant factors, in its dependence on the parameters g, ¢, and §. This is witnessed by degenerate
settings in which the product structure plays no essential role and the problem effectively reduces
to a one—dimensional VC class. Specifically, if F is contained in a single axis—parallel line, then
VC(F) = LVC(F) = g, and uniform estimation reduces to the classical one—dimensional setting.
In this case, the optimal sample complexity satisfies mz p(e,d) = © (%2(1/6)) .

Tightness of the upper bound. The following example shows that for certain hypothesis classes,
a dependence on the width d is unavoidable, even under product distributions.

Example 5 (Unavoidable dependence on the width d). Let X = {0,1}¢ and F = 2%. Then
LVC(F) = 2, since every axis-parallel line in {0, 1} has size 2 and F restricted to such a line is
the full power set. Moreover, the quantity sup pc 7 |P(F) — P(F)| coincides with the total variation
distance. Proposition 49 shows that for the family of product measures

P:{éBer(%—}—HiV):HG{:I:l}d}, 1/29( %)7

any estimator that is uniformly e—accurate in total variation must use at least m = €(d/e) samples.
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This example shows that bounded LVC(F) does not rule out a dependence on the width d.
At the same time, there are settings in which dimension—free rates are achievable. Understanding
which additional structure of F distinguishes these regimes is a natural next question.

Question 8 (Rate-controlling invariants beyond LVC) Is there a simple invariant of F, extend-
ing or refining LNC(F), that governs the sample—complexity rate of uniform estimation in product
spaces? More concretely, can one characterize when explicit dependence on the width d is neces-
sary, and when it can be avoided?

2.2.2. INFINITE PRODUCT SPACES

To probe these issues further, we move to the infinite—product setting. Here the width is unbounded,
so any phenomenon that forces sample complexity to grow with d can no longer be hidden in quan-
titative constants and instead becomes a qualitative obstruction to uniform estimability. This makes
infinite products a natural test case for identifying what features of a class F (beyond LVC(F))
control estimability. In particular, characterizing uniform estimability on infinite product spaces
provides an extreme starting point for addressing Question 8.

We focus on the infinite Boolean cube X = {0, 1}" equipped with its canonical product o—
algebra. In this setting, we take F to be the family of all measurable events (i.e., the full product
o-algebra on X), and let P denote the family of all product distributions on X'. Example 5 already
implies that in this setting bounded linear VC dimension is insufficient to guarantee uniform es-
timability. Thus, in the infinite-dimensional product setting the linear VC dimension loses its role:
while it yields a sharp characterization in finite-dimensional product spaces, it becomes too weak to
control uniform estimability once the product has infinitely many coordinates.

This raises a natural question: what, if anything, should replace it? One possibility is that in
infinite product spaces the benefit of product structure disappears altogether. For instance, on the
infinite Boolean cube, could uniform estimability with respect to product measures already be as
hard as uniform estimability with respect to arbitrary distributions? Equivalently, might uniform
estimability in the infinite boolean cube be governed simply by the classical VC dimension? The
following example shows that this is also false.

Example 6 (Infinite VC dimension with trivial uniform estimation). Let X = {0,1}" and let
Pproa denote the family of all product measures on X'. For o € [0, 1], define the event

n
o R E 1 _
E, = {xEX.nh_}nolonz;xi—a},
=

and let F be the class generated by finite unions of such events with rational parameters c. Then
VC(F) = oo, yet the pair (F, Pprod) is uniformly estimable. In fact, uniform estimation is trivial
in this case: a single sample suffices, so m(e,d) = 1. This follows from Kolmogorov’s 0-1 law,
which implies that under any product measure every event in JF has probability either O or 1, and is
therefore almost surely determined by a single draw. See Appendix F.4 for details.

These examples show that neither LVC(F) nor VC(F) alone governs uniform estimability on
{0, 1}, We conclude with the following open problem.

Question 9 (Uniform estimability in infinite product spaces) Is there a natural invariant that
characterizes uniform estimability in infinite product spaces?

10
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3. Technical Overview

We provide a high-level overview of the proof of Theorem 4, focusing on the sufficiency direction.
The necessity of finite linear VC dimension follows from standard no-free-lunch lower bounds for
VC classes and is therefore deferred to section A.

Upper bound: proof idea. Our upper-bound estimator proceeds in two steps (see also the pseu-
docode below):

* We first discretize the class JF, using a finite grid, thereby reducing the problem to a finite
subclass.

* We then apply uniform estimation to this finite restriction and extend the resulting estimates
back to the full class F.

Fix accuracy and confidence parameters £,6 € (0,1), and let S ~ P™ be an i.i.d. sample from P.
Our estimator first splits S into two disjoint subsamples S = (S(©, §(1)). The subsample S is
used for the first phase, and .S () is used for the second phase.

Phase 1: discretization via representatives. The key idea of this phase is to obtain a finite discretiza-
tion of the class F by constructing a grid (G, which in turn is used to define a finite representative
subclass of F. The role of the grid is to ensure that agreement on G forces closeness in probability
under the target distribution P. Using the initial sample S(°), we form a product grid

G =Gy x - x Gy, Gi = m(S0) W,

where 7; denotes projection onto the i-th coordinate. That is, GG is obtained by projecting the sample
onto each coordinate separately and taking the Cartesian product of the resulting coordinate sets.

The crucial property we establish is a hitting property of the grid G with respect to the distri-
bution P: with high probability over the draw of S©), the grid intersects the symmetric difference
of any two sets whose P-measure is large. Equivalently, GG is an e-net for the family of symmetric
differences induced by F under the pseudo-metric dp(F, F') := P(FAF’). Formally, we show
that, simultaneously for all F, F’ € F,

P(FAF)>¢/2 = (FAF)NG #0.

The proof proceeds in two steps. First, we establish the analogous statement with respect to
the product-of-marginals distribution F5. Second, uniform box-continuity allows us to transfer this
guarantee from P to P: since P(FAF') > ¢/2 implies Po(FAF') > [(g/2), it suffices to
ensure that G intersects every symmetric difference with Po-measure at least §(¢/2). The required
bounds are provided by Lemma 22, proved in the appendix. As a consequence, the grid GG induces
an equivalence relation on F given by

F~¢F < FNG=FnNG.

Let /¢ C F denote a choice of one representative from each ~g-equivalence class. This yields a
finite representative family that discretizes F at resolution £ /2 with respect to P.

Phase 2: estimation on the representative family. Having constructed the finite representative family
Fg, we now turn to the second phase, in which uniform estimation over F is reduced to uniform

11
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estimation over F¢. For each F' € F, let F'* € F denote its representative under ~¢. On the high-
probability event from Phase 1, the hitting property implies that agreement on GG forces proximity
under P: if F ~¢g F*, then (FAF*) NG = (), and hence P(FAF*) < ¢/2. Consequently,
every set F' € F can be rounded to its representative F* € Fg at a cost of < ¢/2 difference
in probability. Using the independent subsample S| we estimate P(F*) for each F* € Fg by
the empirical estimator Pyjae. Since F( is finite, standard uniform convergence bounds for finite
classes (e.g., Hoeffding’s inequality combined with a union bound) imply that, for a suitable choice
of my, with probability at least 1 — /2, supps¢ . ‘ﬁdiag(F*) — P(F*)| < /2. We define the final
estimator by extension through representatives,

P(F) := Pyg(F*), FeF.

Combining the rounding error from Phase 1 with the estimation error above yields, on the inter-
section of the two high-probability events, |P(F') — P(F')| < ¢, for all F' € F. We summarize the
resulting algorithm below.

Product-Grid Estimation Algorithm.
Input: accuracy ¢ € (0,1), confidence § € (0,1), sample S = (Z1,...,Z,) € X™.
Phase I: Discretization via representatives.

1. Construct a product grid. Split the sample into two disjoint parts S = (S, S(M). For each
coordinate i € [d], let G; := 7;(S?)) denote the projection of S(°) onto the i-th coordinate, and
define the grid

G=G; x--xGgCX.

Phase II: Discretization, estimation, and extension.

2. Discretization via representatives. Partition F into equivalence classes according to their traces
on GG,
F~F < FNG=FnNQG,

and let F¢ be a set of representatives.

3. Estimation on the representative family. For each F* € Fg, estimate P(F™*) by the empirical
mean over S(1):

P(F*) = @ S 1fze P

zeSM

Output: for each F € F, let F* € Fg satisfy F N1 G = F* N G, and return P(F) := P(F*).

Sample complexity bound. = The sample complexity bound decomposes according to the two
phases of the procedure.
Discretization via representatives. The first subsample of size my is used to construct a product grid
(G with the property that agreement on GG implies closeness in probability. Lemma 22 shows that,
under the uniform box-continuity assumption, this holds with probability at least 1 — §/2 provided
that

d2

mo 2 W(nglog%).

12
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Estimation on the representative family. The discretization step yields a finite representative fam-
ily F¢. Once Fg is fixed, estimating the probabilities of all F* € F¢ reduces to a standard finite-
class uniform estimation problem. Standard uniform convergence bounds for finite classes imply
that m; = O((log|F¢| + log(1/6))/e?) samples suffice. Accordingly, the second-stage sample
complexity depends only on log | F¢|, the number of distinct traces induced by F on the grid G.

Thus, controlling the overall sample complexity reduces to upper bounding |F¢|, the num-
ber of distinct traces induced by F on the grid G. To achieve this, we prove a variant of the
Sauer—Shelah—Perles lemma (Sauer, 1972; Shelah, 1972) in terms of the linear VC dimension,
which we discuss next.

Grid SSP lemma. Givenagrid N = Ay x As... X Ay, where each A; C W, we seek to upper
bound the number of distinct traces { ' N : F' € F} in terms of the linear VC dimension.

Lemma 10 (Grid Sauer-Shelah-Perles bound, informal) [f LVC(F) = g < oo, then for any
grid N = Ay X --- X Ag one has

logy{FNN:FeF} < O(gn,d*llog(vl/g))7

where n := max; |A;|. Moreover, for every d, g and n, there exist set families F with INC(F) = g
for which

logy {FNN:FeF} > Q(gnd_llog(n/g)>.

In particular, the dependence on n in Lemma 10 is optimal up to constant factors. As an example,
consider the case g = 1. Let N = [n]¢, and let F consist of all subsets F' C N that contain at most
one point on every axis-parallel line. Equivalently, for each choice of a coordinate i € [d] and every
fixing of the remaining d — 1 coordinates, F' contains at most one point on the corresponding line.
Such sets are commonly referred to as (d—1)-dimensional permutations. In the special case d = 2,
this notion reduces to permutation matrices: subsets of [n] x [n] that contain one point in each row
and each column.

This class satisfies LVC(F) = 1. By a result of Keevash (2018) (Theorem 1.8), the number of
(d—1)-dimensional permutations grows as

ndfl
F| = (o)

which matches the upper bound in Lemma 10 up to a constant. Lower bounds for general g are
obtained by taking unions of g such (d—1)-dimensional permutations. These constructions yield

classes with LVC(F) = g whose number of distinct traces on N grows as 2 (¢ n?~tlog(n/9)) | 4
stated above.
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Appendix A. Proof of Theorem 4

Overview. This section collects the proofs underlying Theorem 4. The implication (1) = (2)
is established by Proposition 11, which shows that finite linear VC dimension suffices for uniform
estimability under any uniformly box—continuous family of distributions, together with a quantita-
tive sample—size bound proved in Lemma 12. The converse implication (2) = (1) follows from
Proposition 14, which constructs a family of product distributions under which uniform estimation
is impossible when LVC(F) = co.

Theorem 4. Let X = W, x - -- x Wy be a product measurable space, and let F C 2% be a family
of events. Then, the following are equivalent:

1. IVC(F) < .

15
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2. For every uniformly box—continuous family of distributions P C A(X), the pair (F,P) is
uniformly estimable.

Proof We prove the two implications separately.

(1)=(2). Assume that LVC(F) = g < oo. Let P C A(X) be an arbitrary uniformly box—
continuous family of distributions. By definition, there exists a nondecreasing modulus 3 : (0, 1] —
(0, 1] such that every P € P is box—continuous with modulus 3, i.e., P C Pg.

Fix ¢,0 € (0,1). Applying Proposition 11 with accuracy ¢ and confidence ¢ to the family Pg,
we obtain a sample size mo = m(e, 8, g,d, 3(¢/2)) and an estimator P : X* — [0,1]% such that
for every m > myg and every P € Pg, with probability at least 1 — § over the sample S ~ P™,

sup |P(F) — P(S)(F)| <.

FeF
Since P C Pg, the same estimator and sample size satisfy the same guarantee for every P € P. As
g,0 € (0,1) were arbitrary, this shows that (F, P) is uniformly estimable.

(2)=(1). We prove the contrapositive. Assume that LVC(F) = oo. Let Py denote the family of
all product distributions on X’; this family is uniformly box—continuous. By Proposition 14 (Non—
estimability when LVC(F) = c0), the pair (F, Py) is not uniformly estimable. Hence statement (2)
fails, since it requires uniform estimability for every uniformly box—continuous family. This proves
the contrapositive, and therefore (2) = (1).

Combining the two implications completes the proof. |

Proposition 11 (Uniform estimability under bounded linear VC dimension) Let X = W X
- x Wy be a product measurable space, and let F C 2% be a family of measurable sets with
LVC(F) = g < co. Let P C A(X) be a family of probability distributions that is uniformly
box—continuous with modulus (3 : (0,1] — (0, 1].
Then for every €,5 € (0,1) there exists a sample size mg = m(e,d,g,d,[B(¢/2)) and an
estimator P+ X* — [0,1]73 such that for every m > mg and every P € P, with probability at
least 1 — 6 over the sample S ~ P™,

sup |P(F) — P(S)(F)| < e.
FeF

In particular, the pair (F,P) is uniformly estimable.

Proof Fix ,0 € (0,1). We construct an estimator P:x*— [0,1]7 and show that there exists a
sample size mg = m(e, d, g, d, 3(¢/2)) such that for every m > mg and every P € P,

P [ggg\p(F) — P(S)(F)| < 5} >1-4.

We choose integers mg and m; (specified below) and set

m = mg -+ mj.

3. Here X'* := |, ., &A™ denotes the set of all finite samples.

neN
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Given a sample S ~ P, we write S = (S0, S()), where
SO —(x®  xmoy pmo g —(y®) | ylm)y pm

are disjoint subsamples.

Let G := G(S©) be the sample grid induced by S(?) (Definition 18). Choose mq large enough
so that Lemma 22 holds with parameters (¢/2, §/2). On the corresponding event, which has proba-
bility at least 1 — §/2, the following holds simultaneously for all F, F’ € F:

FNG=F NG = |P(F)-P(F) <e/2.

Define an equivalence relation on F by F' ~g F' if and only if F NG = F' N G, and let
Fa C F be a set of representatives containing exactly one element from each equivalence class.
For each F' € F, denote by F* € F¢ its representative. Then, on the same event,

VF € F, |P(F) — P(F*)| <¢/2. (3)

Using the second subsample S (1), define the empirical estimator

1 ,
A) = — N 1{yD e 4 ACX.
(A4) ml; {Y'"e A}, C

(1
P dlzzg

We define the final estimator by

~

P(S)(F) := P!

dlag(F*) FeF.

Conditioning on S(°), the variables 1{Y®) € F*} arei.i.d., bounded in [0, 1], with mean P(F™)
and the family F is finite and fixed. For any fixed F'** € F, Hoeftding’s inequality gives

Pr(’Pdlag *) — P(F*)] >5/2’S(0)> < Qexp(—m;52>.

Applying a union bound over all F* € Fg yields

2
Pr( sup ‘P(l) (F*) — P(F*)| > ¢/2 ‘ S(O)> < 2\.7-"G|exp<—m;5 )

Fre diag
Thus, if
2 4|Fc
= B 51)
then
Pr< sup [P (F*) — P(F*)| < /2 ‘ S<0>) >1-6/2. )
F*eFq

On the intersection of the events in (3) and (4), for every F' € F,

~

|P(F) — P(S)(F)| < |P(F) — P(F*)| +|P(F*) - P{})

d]ag(F*)‘ < €.

By a union bound, this event occurs with probability at least 1 — §. This completes the proof. H
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Lemma 12 (Sample size bound for Proposition 11) Under the assumptions of Proposition 11,
let B be the common modulus of uniform box—continuity of P. Define

M() Co =3 (/2) <g+log(1s>,

where Cy > 0 is the universal constant from Lemma 22. Also define
d? d*(g + d) 1
M = C} ( +d)lo <>+10 )
0= g\ D8 ey ) T8

where C{, > 0 is the universal constant from Lemma 27.
Then there exists a universal constant C' > 0 such that the estimator constructed in the proof of

Proposition 11 succeeds whenever, for either choice My € {Mél), Méz)},

m > C[Mg—ké(g]\/[g 1log< eMo > —I—loglﬂ
€ g )

In particular, using My = Mél) gives

_O Cd 1d2(d 1) +1 1 d—1
- 2’52 (E/2)2(d 1) glg Og5 )

whereas using My = Mé2) gives

O/d 142(d—1) d%(g + d) 1\ ¢!
o2 ——— d)log | ——== log .
e ( sy (o s (5757 ) +os )
Here O(-) hides polylogarithmic factors in d, g,1/5(/2), 1/, and 1/8, but not the displayed pow-
ers of Cy and C},.

Proof We keep the notation from the proof of Proposition 11. Write m = mg + m; for the sample
split, and let G = G(S()) = Hle A; be the empirical grid formed from S(©).

Step 1: choice of mg. The first-stage sample is used only to ensure that the empirical grid hits all
large symmetric differences. This can be done in either of two ways. By Lemma 22, it suffices to
take

mo > Mél).

Alternatively, by Lemma 27, it suffices to take

mo > Mé2)

In the rest of the proof, fix either choice M € {Mél), Mé2)} and take mg = M.

Step 2: bound on |F¢|. Since G = H‘ij:l A; is induced by S(©), we have | A;| < myq for every i.
Hence, writing n := max; | 4;|, we have n < mg. Assuming mg > g, Corollary 36 gives

log | Fg| =log[{F NG : F € F}| < gn?1log, < > < gmid- 110g2<emo>.
g g
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Step 3: choice of m;. As shown in the proof of Proposition 11, conditioning on S(©, it suffices to
choose

2 1
my > = (log(4\f0|) + log 5) )

, we see that it suffices to take

Substituting the bound on log | F¢

1 1
my > C— (gmg‘llog<em°> +log )
€ g 0

for a universal constant C' > 0. B
Taking mo = My and m = mg + m; gives the stated bound. The two O(+) estimates follow by
substituting respectively My = Mél) and My = MSQ), and absorbing logarithmic factors. |

Definition 13 (Sections and section classes) Ler X' = H?Zl W. For j € [d] and

T_j = (.Tl, ey L1, Ty ,Qfd) S HWZ,
i#j

we write (x_;, ;) for the point of X obtained by inserting x; in the j-th coordinate.
Foraset F' C X, the j-th section of ' at x_j is

Fo_j=A{x; € Wj: (z_j,75) € F'}.
For a family F C 2%, we denote the corresponding section class by
Flo, ={F,_,: FeF} C2™.

Proposition 14 (Lower bound via infinite linear VC dimension) Let X = W; X --- x W, and
let F C 2% be a family of measurable sets with LINC(F) = oo. Let Poroa be the family of all
product distributions on X. Then (F, Pprod) is not uniformly estimable.

More precisely, for every sample—size function m = m(e, 0) there exist parameters €,9 € (0,1)
and a distribution P € Pp.oq such that for any estimator P based on m(e, ) i.i.d. samples,

Pr [sup‘P(F)—ﬁ(F)’ >€} > 4.
S~ p@®m(e.d) Lpe F

Proof Fix an arbitrary sample—size function m = m(e,d). Lete := gp and 6 := 1/4, where g9 > 0
is the universal constant from a standard VC lower bound (See Shalev-Shwartz and Ben-David
(2014); Blumer et al. (1989)).

Set mg := m(e,d). Since LVC(F) = oo, there exist a coordinate j € [d] and a section
T_j € H# ; Wi such that the associated section class /- |z_; has VC dimension at least g, for some
g > mo. In particular, F|,_; shatters a set {z1,...,24} CW;.

Let (); be the uniform distribution on {21, ..., 24}, and define the product distribution P on X
by

P =4, ®"'®5xj71 ® Q; ® §xj+1 ® @ Oy
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Under P, sampling S ~ P®™0 is equivalent to sampling m i.i.d. points from @Q); on W), since
all other coordinates are fixed. Moreover, for every I' € F,

P(F) = Q,(F,_,).

Hence estimating the probabilities { P(F') : F' € F} is at least as hard as estimating the probabilities
{Q;(A) : A€ Fl|;_,} on the one-dimensional domain W);.

Since VC(F|;_;) > g > my, the classical VC lower bound implies that for any estimator P
based on mg samples,

Pr [Sup‘P(F) - ﬁ(F)’ > 6} > 4.
S~p®molpeF

This shows that no sample—size function m(e, ) can guarantee uniform estimation over Ppyoq, and
therefore (F, Pprod) is not uniformly estimable. |

Appendix B. Upper Bound Lemmas

In this section, we prove the auxiliary lemmas used in the proof of Proposition 11 and in the deriva-
tion of the sample-size bound in Lemma 12.

B.1. Uniform control under product measures
B.1.1. THE EMPIRICAL PRODUCT ESTIMATOR

Let XY = W; x --- x W, be a product measurable space. For a sample
S=(xWM .. xmy pom

define, for each coordinate j € [d], the empirical marginal distribution P; € A(W;) by

1 m
— g 1{XJ(.t) € A}, A C W; measurable.
m

t=1

The empirical product estimator associated with S is the product distribution

P:=P® - --@P cAX). ®)

Relation to prior work and statistical structure. The empirical product estimator (5) coincides
with the estimator used in the product empirical risk minimization (PERM) framework of Guo et al.
(2020). Closely related procedures also appear in earlier work of Livni and Mansour (2019), where
empirical products of coordinate-wise marginals are employed to decouple dependencies across
dimensions.

From a statistical perspective, the empirical product estimator P can be viewed as a V-statistic
of order d, obtained by averaging over all d-tuples formed from the sample with replacement. While
most of the classical literature focuses on U-statistics, which average over tuples without replace-
ment, the same analytical machinery applies to V-statistics with only minor modifications (see, e.g.,
Serfling (2009); van der Vaart (1998)).
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B.1.2. EXPECTED UNIFORM DEVIATION

Lemma 15 (One-coordinate section bound) Letr X = W) X --- x W, be a product measurable
space, let F C 2% satisfy INC(F) = g < oo, and let P be a probability measure on X with
marginals Py, ..., Py. Let S = (X1,...,Xy) ~ P™ be ani.i.d. sample, and let ]5Z be the empirical
marginal on coordinate 1.

Fix j € [d), and define the mixed marginal measure on the coordinates outside j by

Q(_Jj_l) :p1®®PJ_1®P]+1®®Pd

) — 1
<o Lyl —
m m

Proof We use the notation of Definition 13. Since LVC(F) = g, every section class /|, _, has VC
dimension at most g. 3
The goal is to compare P; and P; uniformly over the sections F|;_,, where

Then there exists a universal constant C > 0 such that

Es

ELJNQ(j;“ {glelr}(ﬂ(FL )= Pj(Fz,j))}

z;~QUV=Ph® - ©P1®P® 0P

The only point requiring care is that x_; is partly constructed from the same sample S, so the

empirical sample (X fj ) yeen ,X,(,{) ) is not automatically independent of the chosen section. We now
remove this dependence by replacing the few potentially exposed j-coordinates.

)

Generate x_; ~ Q(_J;I as follows. For each k < j, choose an index I, € [m] uniformly and
independently and set

T = XI(:).

For each k > j, sample xj, ~ P independently. Let

I:= {Il,... ,Ij_l} g [m]

Then |I| <j — 1.
Let Zy,...,Zy ~ P; be independent fresh samples, independent of all previous randomness,
and define 0
X, rél,
T
Ly, rel.
Let 13]’ be the empirical distribution of Y7, ..., Y},, i.e., for every measurable A C W,,
- 1 &
Pj(A) = ~ > 1{Y, € A}
r=1
We claim that, after the section has been chosen, Y7,...,Y,, form an ii.d. sample from P;.
Indeed, the construction of z_; reveals only the indices I, ..., I;_1, the coordinates X}f) for k <

Jj, and the independently sampled coordinates xj for k& > j. Once this information is fixed, if r ¢ I,
then the whole sample point X, has not been queried, and hence X ,E] ) still has law P;, independently
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of the revealed information. If » € I, then Y, = Z,, which has law P; and is independent by

construction. Therefore Y7, ...,Y,, are independent with common law P;, conditionally on the
chosen section data.
Let

G:= a((h, s L), (Xj(f))kq'» (wk)im‘)

denote the information revealed in the construction of x_;.
Conditionally on G, the class |, _; is fixed, and Y71,..., Y}, are ii.d. with common law P;.
Since VC(F|._;) < g, the standard VC inequality yields

s () - A ) |9] <02

for a universal constant C' > 0.
It remains to return from PJ’» to the original empirical marginal P;. The two empirical measures
differ only at indices in I, hence in at most |/| < j — 1 atoms of mass 1/m. Therefore

- - j—1
sup |P;j(A) — Pi(A)] < =——.
s |Pi(4) ()] < £
Consequently, for every chosen x_,
- - j—1
sup (Pj(FCE—j) - Pj(Fm—j)) S sup (PJ(FI_j) - P)]/(FJU—J)) + .
FeF FeF m

Combining the previous two displays, we obtain

5 [g  J—1
E[?gl;(Pj(Fw_j) - Pj<Fm_]’)) ‘ g] <C E + 7
Finally, taking expectations over all randomness defining G (in particular over the original sam-
ple S, the auxiliary indices Iy, ..., I;_1, the fresh samples Z1, ..., Z,,, and the independent coor-
dinates xp, ~ Py for k > 7), yields

Eg |E sup (Pj(Fy_,) — Pj(Fy_))

o] V- 55 )]
2~ Q7 peF !

This proves the lemma. n

Lemma 16 (Expected deviation of the empirical product estimator) Under the assumptions of
Lemma 15, let
Ph=P® 0P

be the product of the marginals of P, and let
P=Pa P

be the empirical product estimator associated with the sample S.
Then there exists a universal constant C' > 0 such that

Eg [Sup (Po(F) — P(F))] <Cd \/g+ dd=1)

FeF 2m
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Proof We interpolate between P and P by replacing the coordinates one at a time. For j =

0,1,...,d, define

QY = P,
and for j > 1,
QY =P ® - - ®@Pj@P1® - ® P,
Thus
QW =p
For every F' € F,
d
(F) = (QUI(F) - QV(F)).
7=1
Taking suprema and using subadditivity,
sup (Po(F) Z sup ( (F)—QUI(F ))-
FeF =1 FE]:
Hence,
s [sup (Fo(F) - P(F))] < ZES [sup (QUV(F) = QU(F).
reF FE]—'
Fix j € [d]. Let

Q(jj_l) :]51®®}5]_1®P]+1®®Pd

Then for every F' € F, ,
QUY(F)=E, QU [Pi(Fe,)],
- —J

and ' )
Q(]) (F) = ]Ex .NQ<jf1> [P](inj)] .
i~
Therefore,
sup (Q(j—l)(F) — Q(j)(F)) = sup Ex QU [PJ(FL]) _ ~J(inj)}
rer Fer 77 —J
= EI—jNQY{” f,lég_(]%(Fxﬂ) - J(Fxfg))

Taking expectation over .S, and applying Lemma 15, yields

Es [sup (Q(jfl)(F) — Q(j)(F))] < C\/?-i- E
FeF m m

Summing over j = 1, ..., d, we obtain

Es [sup (Pa(F) — P(F))} <y (C g4 ‘7_1) .

FeF =
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Since ;
d(d—1
1=d, G—1) = (2)
j=1 j=1
it follows that
5 g ,dd—1)
Es[sup (Pa(F) — P(F))| < Cdy /L 4 T2
s |sup (Pa(F) (F))] < o
This completes the proof. |

Remark 17 We now specialize Lemma 16 to the case where P = P, ® - - - ® Py is itself a product
distribution. In this case, the proof of Lemma 16 gives the sharper bound

Es [Sup (P(F) - P(F))} <Cd \/?,
FeF m
without the correction term (d(d-1)/(2m)). Indeed, that correction term comes from the ghost-
replacement step, which is needed only to handle possible dependence between different coordi-
nates of the same sample point. When P is a product measure, the coordinate samples used to
form Pi, ..., Py are mutually independent, and hence in each coordinate-replacement step one may
apply the usual one-dimensional VC bound directly, conditionally on the other coordinates.
Combining this expectation bound with the McDiarmid-type concentration lemma (Lemma 20)
vields a high-probability guarantee and, consequently, a sharper sample-size requirement in the
product case (corresponding to the box—continuity modulus (o) = «).
To simplify the presentation, we assume throughout this remark that the class F is closed under
complementation. This assumption is without loss of generality, since replacing F by F U{ X \ F :
F € F}increases the linear VC dimension by at most a constant factor. Under this assumption,

sup |P(F) — P(F)| = sup (P(F) — P(F)),
FeF FeF

so absolute values can be omitted.
Indeed, let

(S) = ;g;}(P(F) — P(F)),

where P = P, @ - -+ @ Py is the empirical product estimator built from S ~ P®™. By Lemma 16,
there exists a universal constant Cy > 0 such that

E[®(S)] < Cod \/g

Moreover, Lemma 20 implies that for some universal ¢ > 0 and all t > 0,

Choosing m so that

2
oL <l TR 2
m 2 cm 2
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yields, with probability at least 1 — 6,

sup |[P(F) — P(F)| < e.
FeF

In particular, there exists a universal constant C' > 0 such that it suffices to take

m > 0—2(g+log5>.
€
This improves substantially over the general Pg sample-size bound and captures the favorable be-
havior of the product estimator when P is a product measure.

B.2. A finite reduction via a random grid

The goal of this subsection is to show that, with high probability, the random grid G(S) from
Definition 18 intersects every “large” symmetric difference in FAF.

Definition 18 (Sample grid) Let X = W) X --- x Wyandlet S = (XU ... X(M)) € X" pea
finite sample. For each j € [d], define the coordinate projection set

m(8) = {xV,. x™ cwy,
and define the associated (empirical) product grid
G(S) = m(S) x -+ xmy(S) C X.

We next combine the bound on the linear VC dimension of the symmetric—difference class H =
FAF given by Lemma 34 with the expected deviation bound for the empirical product estimator.

This allows us to control deviations of the form P(F) — P(F’) uniformly over pairs F, F’ € F by
reducing them to deviations over H.

Lemma 19 (Expected product deviation for class of symmetric differences) Let X = W; X

-x Wy and F C 2% with INC(F) = g < oo, and set H := FAF. Let P be any distribu-
tion on X, write P := P} ® - -- @ Py, and let P be the empirical product estimator built from m
samples as in Lemma 16. Then there exists a universal constant C > 0 such that

IVC(#H) |, dd-1) _ ., [200 , dd-1)

ESNP’”[SUP (Pa(H) —P(H))] < Cd m om m 2m

HeH

Proof Apply Lemma 16 to the class H in place of F. By definition of the empirical product
estimator and the bound established in Lemma 16, we have:

~ IVC(H)  d(d—1)
m — < .
Eg.p [132% (Po(H) P(H))] < 0dy|= S
Finally, Lemma 34 gives LVC(H) < 20 LVC(F) = 20g, and the result follows. [ |

25



HOLZMAN MORAN SHLIMOVICH

Lemma 20 (McDiarmid for the product supremum) Let P be any distribution on X = W; X
-+ X Wa, and write P := Py ®@- - - ® Py for the product of its marginals. Let H C 2% be any class.
For S = (Xq,..., X)) ~ P™, let P be the empirical product estimator based on S, and define

(S) := Eté%(PD(H) — P(H)).

Then for all t > 0,

Proof Let S and S’ be two samples that differ only in the k-th point, and let P=P® - ®P
and P = P| ® --- ® P} be the corresponding product estimators. Changing a single observation
affects each empirical marginal by at most 1/m in total variation:

|15 = Pj|lrv < j=1,...,d.

1
m
Using the standard product bound

Q7 11— @y vill oy < S0 s — wjllv,

we obtain
- . d . - d
|IP = P'llry <> 1P = Pillrv < -
j=1
Therefore, for every measurable H C X,
D D/ D o/ d
IP(H) = P/(H)| < [P = Py < =

Since F5 does not depend on the sample, it follows that

D(S)  ©(S")] < sup |(Fa(H) — P(H)) ~ (Pa(H) — P'()|

HeH
~ ~ d
= sup |P(H) — P'(H)| < —.

HeH m
Thus ® has bounded differences with constants ¢, = d/m for k = 1, ..., m. McDiarmid’s inequal-
ity yields, for all ¢ > 0,

2t2 2mit?
Pr[®(S) — E®(S) > t] < S U (_7)
o)~ B5)> ] < (s ) = on( - 2

as claimed. |

Corollary 21 (High-probability bound for H = FAF) There exists a universal constant C > 0
such that the following holds. Let X = Wy x --- x Wy and let F C 2% satisfy INC(F) = g < oq,
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and set H := FAF. Then for every distribution P on X, writing Po .= P, ®

£,6 €(0,1),if
2

d 1
m > Cg—Q(g—l—logg),

then with probability at least 1 — 6 over S ~ P™,

sup (Po(H) — P(H)) < e.
HeH

Proof Define

(S) := ;g%(PD(H) — P(H)).

By Lemma 19, we have the expectation bound:

Bla(S)] < Cody o d<d;ll) < Cod\/2ng . 4

m 2

for a universal constant Cy > 0. Moreover, by Lemma 20, for all ¢ > 0,

2mt2)

Pr[®(S) > E[®(S)] +1] < exp<f .

Taking t = ¢/2, we get

Pr[®(S) > ¢] < Pr[®(S) > E[®(S)] + 5] < eXp(- me”

provided that E[®(S)] < /2. Thus it suffices that

20g dd—-1) e me?
oy AT o f )<
Cod m * 2m T 2 and exp( 2d? ) -

To satisfy the expectation condition, it is sufficient to bound each term by /4:

-+ ® Py, and every

d—1)

)

2m

J.

209 ¢ d> _dd—-1) ¢
dy — < = d _— < =
Cody/ - =7 an om = 2m  — 4
i.e., we require
d? d? d?
m>320022L  m>25  ad m>25lgl
€ € €

Since ¢ € (0, 1) implies 1/e2 > 1/, all three conditions are implied by
m > C’?(g—i-logg)

for a sufficiently large universal constant C' > 0, completing the proof.
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Lemma 22 (Hitting large symmetric differences for P € Pg) Let X = Wy x --- X Wy be a
product space, and let F C 2% satisfy INC(F) = g < oc. Set H := FAF.

There exists a universal constant Cy > 0 such that the following holds. For every e, € (0, 1),
every P € Pg, and every i.i.d. sample S ~ P™, if

d2

> 1
then with probability at least 1 — § over S,
VH € H with P(H) > ¢ : HNG(S) #0,

where G(S) denotes the empirical product grid induced by S. Equivalently, with probability at least
1—6, forall F,F' € F,

P(FAF)>e = (FAF)NG(S)#0.

Proof Let Po:= P} ® - -- ® P, be the product of the marginals of P, and set n := ().

Applying Corollary 21 to the class
H=FAF

with accuracy 7/2 and confidence ¢, we obtain that there exists a universal constant Cy > 0 such

that, if
2

d
m > C'O?<9+10g%)a

then with probability at least 1 — § over S ~ P™,

sup (Po(H) — P(H)) <
HeH

N3

; (6)

where

is the empirical product estimator associated with .S.
Now work on the event (6), and fix any H € H satisfying

P(H) > e.
Since P € Pg, by the definition of Pz we have
Po(H) = B(e) = 1.
Combining this with (6) yields

mmemm—ﬁy%mwém»Zn—g=g>o

Since P is supported on the empirical product grid G(.S), the inequality P(H) > 0 implies that

HNG(S) # 0.
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Thus, with probability at least 1 — ¢, every H € H satisfying P(H) > ¢ intersects the grid
G(9).
Finally, since
H=FANF={FAF :FF €F},

this is equivalent to saying that for all F, F’ € F,
P(FAF)Y>e = (FAF)NG(S)#0.

This completes the proof. |

Appendix C. Hitting large symmetric differences, alternative bound

This section proves an alternative version of Lemma 22, which is stated as Lemma 27. The main
advantage of this alternative argument is that it improves the dependence on €: instead of a quadratic
dependence through 1/3(¢)?, it yields a linear dependence through 1/3(¢).

The proof is based on a relative VC inequality. This inequality allows us to control the mass
of sections more efficiently than the standard uniform VC bound, and this improvement is what
ultimately leads to the better dependence on ¢.

For a finite sequence 2 = (1, ...,2y) and a class F of {0, 1}-valued functions, define

Sr(21) = H(f(x1),.... flan)) : f € F}.

Thus S7(z{) is the number of distinct labelings of z1, . .., z)y induced by F.

Theorem 23 (Relative VC inequality (Boucheron et al., 2005, Theorem 5.1)) Let X1,..., Xo,
be i.i.d. random variables with law P, and let F be a class of {0, 1}-valued measurable functions.
We call

X3 = (X1,..., Xn, Xog1s -+, Xon)

the double sample, where X 11, . .., Xon play the role of an independent sample. For f € F, write
1 n
Pf=E[f(X0)],  Puf =) f(X),
=1

so P, is formed only from the first n sample points.
Then for every 6 € (0, 1), with probability at least 1 — 0, every f € F satisfies

Pf-Fuf _, \/ log S7(X7") + log(4/9)
VPf n

Equivalently, with the same probability,

pf< Pnf+2\/Pf 10g§;(X12"7i+1og(4/5)_
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Corollary 24 (Linearized relative VC inequality) Under the assumptions of Theorem 23, as-
sume in addition that VC(F) < g. Then, for every r > 0, with probability at least 1 — §, every
f € F satisfies

Pf<(1L+r)Pof+ <4+ i) glog(2n + 1) + log(4/6)

n

Proof By Lemma 30, applied to the set system induced by the supports of functions in F, we have
for every realization of the double sample

SF(X{™) < Tx(2n) < (2n + 1)4.

Hence
log SF(X?") < glog(2n + 1).
Set
o glog(2n 4+ 1) +log(4/9)
= - .
By Theorem 23, with probability at least 1 — d, every f € F satisfies
Pf<P,f+2\/aPf.

We use the elementary implication
A<C+BVA = A<C+BVC+B~.
Applying it with A = Pf, C = P, f, and B = 2,/a, we get

Pfgpnf+2\/apnf+4a-

By Cauchy’s inequality with parameter r > 0,
2vaP,f <rP,f + g.
T

Therefore .
Pf<(l+r)P.f+ <4+r) a,

and substituting the definition of a completes the proof. |

For j € [d], define

Q=P ®---@P;®Pi1® -0 Py
Thus ~ ~ ~
Q(O):PD12P1®"‘®Pd7 Q(d):P1:P1®"‘®Pd-

The next two results are high-probability analogues of Lemma 15 and Lemma 16. In the earlier
argument, Lemma 15 controlled a single coordinate replacement in expectation, and Lemma 16
obtained the full product bound by telescoping over the coordinates. We follow the same structure
here, but use the linearized relative VC inequality in place of the standard VC bound. This is the
step that will later improve the dependence on ((¢).
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Lemma 25 (High-probability one-coordinate transition) Let X = W) X --- x Wy, let F C P
satisfy LVC(F) = g < oo, and let P be a probability measure on X with marginals Py, ..., P,.
Let S = (Xq,...,X;n) ~ P™, and let ]5, be the empirical marginal on coordinate 1.

For 0 < j < d, define

Zj(S) = sup  QU(F).
FeF: P(F)=0

Fix j € [d]. Then there exists a universal constant C' > 0 such that, for every § € (0, 1), with

probability at least 1 — 6,

Zi2(8) < (14 1) 2(5) + Cdns(a.0),

where
_glog(2m + 1) + jlogm + log(4/6)

Am’j(g,d) = m .

Proof We may assume m > 2j, since otherwise the claim is trivial after increasing the universal
constant C'.

Fix j € [d]. We use the notation of Definition 13. Since LVC(F) = g, every section class
Fls_, has VC dimension at most g. The goal is to compare QU1 (F") and QU)(F') uniformly over
those F' € F satisfying P (F') = 0. Equivalently, we need to compare P; and ]5J uniformly over
sections F|,_;, where

fojNPl@"'®ijl®Pj+l®‘“®Pd-

The only point requiring care is that the first j — 1 coordinates of x_; are chosen from the same
sample S. We remove this dependence by discarding the few j-coordinates whose sample points
were used to construct the prefix.

Generate x_; as follows. Choose a prefix tuple

I=(I,...,Ij—1) € [mJ*
uniformly, set
1 i—1
U= (X, XYY,
and independently sample
2= (211, 2) ~ Pja @ - @ Fy.

Condition on the chosen prefix tuple I and on the values of the prefix coordinates Uy. After this
conditioning, the prefix U7 is fixed. Now fix a suffix z. For each F' € F, consider the corresponding
section

{l’j EWj : (U],CIIj,Z) GF}.

As I ranges over JF, these sections form a class of subsets of JV; with VC dimension at most g.
The only sample points whose non-j coordinates were revealed are those with indices in Ry =

{I1,...,Ij—1}. Therefore, after removing these indices, the coordinates (X éj ) )egr, are still i.i.d.
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with law P;, independently of the above fixed class of sections. Define the empirical marginal on
coordinate j, with these exposed sample points removed, by

~ 1
P;_1(A):

m — |R[| { ¢ }’ = Wj

(¢R;
Thus Corollary 24 applies conditionally to this fixed class of sections, with distribution P; and

empirical measure P; _;.
Set

nE= g Psj=Pj1®---® Py

Fix a prefix tuple I, and condition on the values of U;. Now fix a suffix z. As explained above, after
removing the indices in 77, the points

(Xéj))egR,

form an i.i.d. sample from P;, independent of the fixed family of sections
{{z; : (U,j,2) € F} : F € F}.

This family has VC dimension at most g. Therefore, applying Corollary 24 with r = 1/d, we get
that, with probability at least 1 — 7, the bound

Pj({mj : (U],.%j,z) € F}) < <1 + ;) pj’_[({l‘j : (U],;rj,z) € F}) +CdAm,j(975)

holds simultaneously for all F' € F. Here we used » = 1/d and increased the universal constant C,

since A

glog(2m + 1) + log(4m/’ /6)
m

d

< dAm,j(Qv 5)'

Let B;(.S) be the set of suffixes z for which this simultaneous bound fails. Since each fixed
suffix is bad with probability at most 7), averaging over the suffix z ~ P~ ; gives

B[P.(Bi())] = [ Prz € Bi($)dPs() <.
Hence, by Markov’s inequality,
1
Py <P>j<BI<s>> > m) < my.
Taking a union bound over all I € [m)’~!, we obtain that with probability at least

1—m/tmn>1-46,

for every prefix tuple I, the set of bad suffixes has P ;j-measure at most 1/m. We work on this
event.
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Fix F' € F and a prefix tuple /. Integrating over the good suffixes and paying at most 1/m for
the bad suffixes gives

/Pj({l‘j t(Ur,25,2) € F}) dPsj(2)
< <1 + 2) /1%,,({93]- (Ur,35,2) € FY) dPos(2) + Cd A (9,0 +

It remains to replace 15‘7_ 1 by ]5j Since ]%-7_ 1 1s obtained from ]53 by removing at most |R;| <
j — 1 atoms, for every measurable A C W,
Rl _j—1

m m

o
=
=
|
E
IA

Therefore,
/Pj({a:j : (Ur,xj,2) € F}) dP-;(z)

< (1 + ;) /Pj({xj : (Ur,xj,2) € F}) dPsj(z)

1 1\ j—-1
CdAy,.i(g,0 — 1+-)—.
+ Cd Ay (9, )+m+( +d> —
Since d > 1, the last two terms are bounded by C'j /m, after increasing the universal constant C'
Now average over I € [m]’~!. Averaging over I is exactly integration with respect to
]51®"'®]5j—1-

Thus, simultaneously for every F' € F,

QU-V(F) < <1 + ;) QU(F) 4 Cd A j(g,8) + C%-

Since m > 2,

. |
L < 08 < oA (g, 0),
m m

and hence this term is absorbed into C'd A, (g, 0), after another adjustment of the universal con-
stant. ~
Finally, taking the supremum over all F' € F such that P(F') = 0 gives

Z,1(5) < <1 + Cli) Z,(S) + Cd Ay (9,0,

This proves the lemma.
|

Corollary 26 (High-probability empirical product bound) Let X = W x---xW,, let F C 2%
satisfy LNVC(F) = g < oo, and let P be a probability measure on X with marginals Py, ..., Py.
Let S = (X1,...,Xm) ~ P™, and define

Ph=P® --®P,, P=P® QP
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Assume m > 2. Then there exists a universal constant C' > 0 such that for every § € (0, 1), with
probability at least 1 — 6,

sip Po(F) SCdg(g—i-d)logm%—log(l/d).

FeF: P(F)=0 m

Proof For j =0,...,d, define

Q(j) 1:ﬁ1®"'®ﬁj®Pj+1®“‘®Pd,

and '
Zi(S):= sup QUI(F).
FeF: P(F)=0
Then
Zo(S)= sup  Po(F),  Z4(S)=0.
FeF: P(F)=0

Apply Lemma 25 with failure probability §/d, and take a union bound over j = 1,...,d. With
probability at least 1 — ¢, for every j € [d],

Z;1(8) < (1 + ;) 2,(S) + Cd A s(9,5/d).
Since Ay, (g, 6/d) is increasing in j,
Amj(g,6/d) < Amalg,d/d) Vi € [d].
Thus, on the same event,
Z,1(5) < <1 + ;) Z,(8) + CdA., Ay i= Apalg, 5/d).
By Lemma 28, using Z4(S) = 0,

Zo(S) < Cd2A,.

Finally,
A — glog(2m + 1) + dlog m + log(4d/J)

m

Since m > 2,

log(2m + 1) < C'logm, log(4d/8) < C(logd + log(1/9)).

Also,

logd < dlogm.
Therefore,

A < C(g + d)logm + log(l/d).
m
Hence D1 log(1/8
m

This proves the corollary. |
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Lemma 27 (Hitting large symmetric differences for P € Pg) Let X = Wy x --- X W, and let
F C 2% satisfy IVC(F) = g < oc. Define

H = FAF.

There exists a universal constant Cy > 0 such that the following holds. For every £,6 € (0,1),
every P € Pg, and every i.i.d. sample S ~ P™, if

m > Coﬁci_) <(g + d) log<d2(ﬁg(;d>> + log (15> ;

then with probability at least 1 — 0,
VH € H with P(H) > ¢, HNG(S) #0.
Equivalently, with probability at least 1 — 6, for all F, F' € F,
P(FAF)Y>e = (FAF)NG(S)#0.

Proof Let
Ph:=P®- - ® Py, n = B(e).

Since P € Pg, every measurable H C X satisfies
PH)>e = Po(H)>n.

LetP =P, ®---® P,. Since P is supported exactly on the empirical product grid G(.S),

PH)=0 <+« HNG(S)=0.

Therefore,

{EIHE’H:P(H)E&,HHG(S)ZV)}Q{ sup PD(H)ZU}-
HeH: P(H)=0

By Lemma 34,
LVC(H) < Cg

for a universal constant C' > 0. Applying Corollary 26 to H, we get that with probability at least
1—9,

sup Po(H) < Crd? (g—l—d)logm—klog(l/é).

HEH: P(H)=0 m

Thus it suffices to ensure
(g + d)logm + log(1/4) <

Cid?

m
Equivalently, it suffices that

mZK((9+d)logm+log(l/6)), K =

35



HOLZMAN MORAN SHLIMOVICH

We claim that this is guaranteed by the displayed lower bound on m, after increasing the uni-
versal constant. Indeed, if the desired inequality failed, then

m < Klog(1/0) + K(g + d) log m.
Applying Lemma 29 with
r=m, a = Klog(1/4), b=K(g+d),
and increasing constants so that b > 1, gives
m < 2K log(1/6) + 4K (g + d) log(4K (g + d)).

Since K = (C1d?/n, the right-hand side is at most
d? d*(g+d 1
Co— ((g +d) log<(g)> + log ) :
n n 0

Therefore, choosing Cy > C5 contradicts the assumed lower bound on m. Hence

d)1 log(1/6
g+ )0g7”'n”;+05_:§(/)<77

Cle(

On this event,
sup  Po(H) <,
HEH: P(H)=0

sono H € H with P(H) > ¢ can satisfy P(H) = 0. Equivalently, every such H intersects G(S).
Since
H=FANF={FAF :F F €F},

the final formulation follows. [ |

Appendix D. Technical proofs

Lemma 28 (Iterating the one-step recurrence) Let By, ..., By > 0 satisfy By = 0, and suppose
that for some I" > (,

1
Bj_l < <1 + d) Bj + T Vi€ [d]

Then
BO < edl.

Proof Iterating the recurrence gives

d—1 lj
By <T 1+-) .
)< z<+d)

1\’ 1\¢
1+-) <(1+=
<+d)_<+d><e,
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we obtain
By <edl.

Lemma 29 (Logarithmic self-bound) Letx >1,a > 0,andb > 1. If
r<a+blogx,

then
x < 2a + 4blog(4b).

Proof If z < 2a, then immediately
x < 2a < 2a + 4blog(4b).

It remains to consider the case x > 2a. Then a < /2, and therefore
x
r<a+blogz < 5 + blog x.

Hence x < 2blogz. Set B := 2b. Since b > 1, we have B > 2, and the last inequality becomes
z < Bloguz.

We now claim that x < 2Blog(2B). Suppose, toward a contradiction, that x > 2B log(2B).
Since B > 2, we have 2B log(2B) > 4log4 > e, and hence = > e. The function ¢ — logt/t is
decreasing for all t > e, so

logx  log(2Blog(2B))
z = 2B log(2B)

Also,
log(2Blog(2B)) < 2log(2B),

because this is equivalent to
2Blog(2B) < (2B)?,

or equivalently log(2B) < 2B, which follows from the elementary inequality log u < wu for u > 0.

Therefore
log 2log(2B) 1

x 2Blog(2B) B’

Multiplying by Bz, we get Blogx < z, contradicting x < Blogx. Hence 2 < 2B log(2B).
Substituting B = 2b, we obtain
x < 4blog(4b).

Together with the first case x < 2a, this gives

x < 2a + 4blog(4b).
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Lemma 30 (VC growth bound) Let H C 2% satisfy VC(H) < g < cc. For m > 1, define

My (m):= sup |{(H{zreH},...,1{am e H}) : HeH}|.
5511-~-7$m6X
Then
min{g,m}
m
11 .
wms 3 (7)
=0
In particular,

Iy (m) < (m+ 1)9.

Moreover, if 1 < g < m, then

Iy (m) < (em>g :

g

Proof Fix xi,...,x, € X. By the Sauer—Shelah lemma, the number of distinct labelings of

Z1,...,%m induced by H is at most
min{g,m}
> (7
(7)

1=0

Taking the supremum over 1, . .., T, gives

mm <3 (%),

=0

We next prove the bound I3 (m) < (m + 1)9. If g = 0, this is immediate. Assume g > 1. The

sum
min{g,m}
, t
=0
counts the number of subsets of [m] of size at most g. Each such subset {a; < --- < ay}, with

k < g, can be encoded injectively by the g-tuple
(a1,...,a5,0,...,0) € {0,1,...,m}9.

Therefore
min{g,m}

3 <T) < (m+1)7.

1=0

Finally, when 1 < g < m, Lemma 37 gives

(1) -(0)=(3)

This completes the proof. |
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D.1. VC dimension of symmetric differeces

Definition 31 (Symmetric Difference) For two sets A, B C X, their symmetric difference is
defined by
AAB = (A\B)U (B\A) = {z e X :14(x) # 1p(x) }.

For a family of sets F C 2% we denote
FAF := {AAB: A B e F},
that is, the family of all pairwise symmetric differences between members of F.

Theorem 32 (Aggregation bound, (Alon et al., 2023)) Let B C {+1}* be a base class, and let
G be a class of aggregation rules g : {+1}7 — {£1}. Then

VC({z + g(b1(2),...,br(x)): b; € B, g€ G}) < cr(T-VC(B) + VC(G)),

where
1
cr = ——
T T. ’I’]’
and n € (0,1/2) is the unique solution to
1
H = —
=777

with H(-) denoting the binary entropy function.
Corollary 33 (VC of symmetric differences) For every class F C 2%,
VC(FAF) < 20VC(F).

Proof Identify sets with {£1} indicators and let g(a,b) = a @ b (XOR), so T' = 2. Apply
Theorem 32 with B = F and G = {g} (so VC(G) = 0) to get
1
VC(FAF) < 2¢o VC(F), co = o7
where n € (0,1/2) satisfies H(n) = 1/3. Since H is strictly increasing on (0,1/2) and H(0.05) ~
0.286 < 1/3, we have > 0.05, hence 2¢o = 1/n < 20. Thus, for concreteness, we fix the explicit
bound VC(FAF) <20 VC(F). [ |

Lemma 34 (Linear VC dimension of symmetric differences) Let F C 2% be a set system on
the product space X = Wy X -+ X Wy with LVC(F) = g < oo. Then for H := FAF,

LVC(H) < 20g.

Proof Fix j € [d]andz_; € [],,; W;. Then VC(F|;_;) < g by definition of LVC(F). Moreover,
for H = FAF' we have Hy ; =F,_; AFLJ,, hence

Hleo_; C© Flo j;AF |2,
Since H |, _ ; C©F | jA]—" \z_j, monotonicity of VC dimension and Corollary 33 give
VC(H|z_,;) <20 VC(F|s_;) < 20g.
Taking the supremum over j and x_; yields LVC(#) < 20g. [ |
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Appendix E. Sauer—Shelah-Perles on Grids via Linear VC

(snoo> =

Lemma 35 (Grid SSP bound from Linear VC) Let F C 21X >Wa gnd N = A; x---x Ayg C
X be a finite grid with side lengths n; := | A;|. Fix an index i € [d).
IfLVC(F) < g < o0, then

For convenience, we use the shorthand

(;g) -3 (?)

Jj=0

n Hj;éi nj
: < ’ .
{FNN:FeF} < <<Sg>> )
In particular, letting n := maxyc[q) N and choosing i such that n; = n,
n INl/n
: < .
{FAN:FeF}| < <<§g>) @®)

Proof Fix i € [d]. For each choice of fixed coordinates a_; € [];; A;, define the axis—parallel
line in direction %

L(a_;) == {(z1,...,2q) € N: z; = (a_;); forall j #1i, x; € A;}.

The family {L(a—;) : a_; € [[;,; A;} partitions N into exactly [, n; disjoint lines, each of
size n;.
Since LVC(F) < g, for every a_; the restriction F | (,_,) has VC dimension at most g. There-

fore, by the classical Sauer—Shelah—Perles lemma on a ground set of size n;,

{FNnL(a,):FeF}| < i<n> = (gg)

=0\

Foreacha_; € H#i Aj, the restriction of a set ' € F to the line L(a_;) is one of at most (g;)
possible traces. Since the lines L(a_;) are pairwise disjoint and together partition IV, the collection
of line—wise traces {F' N L(a_;)}a_, uniquely determines the global trace ' N N. It follows that
the total number of distinct traces on [V is at most the product of the numbers of possible traces on
each line, namely

NN Lz
Ty
{FnN:FeFi <[] [{FnLl@y):FeF < (<§g>> ’
a_i€]]; 4 45

which proves (7).
To obtain (8), let n := maxye[g ni and choose i € [d] such that n; = n. Then [];,;n; =
|N|/n, and substituting this into (7) yields

{FAN:FeF}| < (( ! >)|N/n,

<g

as claimed. [ |
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Corollary 36 (Grid Sauer-Shelah—Perles bound (rate form)) With the notation of Lemma 35,
let n := max; |A4;|. If 1 < g < n, then

[NV

log, ‘{FQN :Fe ]:}‘ < 9 log2<%) < gnd_llogQ(%> = O(gnd_llog(n/g)). 9)

Equivalently,
{FAN:FeF}y| < 20on" lostn/a),

Proof Choose i with n; = n. By (7) and Lemma 37,

{FNN:FeF} < <<§ng>>w/n - (%)ngn.

Taking log; yields the first inequality in (9). Since [N|/n =[], ,;n; < n?=1, the second inequality
follows. |

Lemma 37 Forall integersn > 1 and1 < g < n,
n g n en g
(Sg) - %(J) = (?> ‘
Moreover, if g > n then (Sng) =2"
Proof Fix integersn > 1and 1 < g < n. Forevery 0 < j < g,

<¢> nn—1)-(n—j+1) _n
J

and therefore

Rewrite each term as

SO

Since 1 < g < n, we have % > 1, hence (%)j < (%)g forall 0 < j < g. Thus,

SV VIS (VI () (en)?
GG =G)XS=06)Xh=0)=(3)
=0 =0 =0
Finally, if g > n, then 32%_ (?) =37 (?) = 2", [ |
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E.1. A matching lower bound for the grid SSP lemma

We show that the upper bound in Lemma 10 is essentially tight, up to constant factors, for every
fixed dimension d and linear VC dimension ¢. In particular, the dependence on n?~!logn in the
exponent is unavoidable.

Throughout this subsection, let N = [n]?. Recall that a (d — 1)-dimensional permutation is a
subset I/ C [n]? that contains exactly one point on every axis—parallel line. Equivalently, for each
choice of a coordinate ¢ € [d] and every fixing of the remaining d — 1 coordinates, F' contains
exactly one point on the corresponding line. Let F denote the family of all (d — 1)-dimensional
permutations of [n]?.

By a result of Keevash (2018) (Theorem 1.8), the cardinality of F satisfies

d—1

Fl= (o) (10)

Lemma 38 (A lower bound for the grid SSP rate) Fix d > 2. Let N = [n]|? and let F denote
the family of all (d—1)-dimensional permutations of [n]?, i.e. subsets F C [n]? that intersect every
axis—parallel line in exactly one point. Fix an integer g > 1 and define

g = {UF’ :0<r <y, Fl,...,FTGF}.
=1

Then INC(G) = g. Moreover,

log, 1G] = gn?~! (logy; 4=r +0(1)). an
In particular, for fixed d and any g = o(n),
logy |G| = Qgn®'log(n/g)).

Proof

Proof of LVC(G) = g. Every F' € F intersects each axis—parallel line in exactly one point.
Hence any union of » < g members of F intersects every such line in at most » < g points, so
LVC(G) < g.

For the reverse inequality, fix any axis—parallel line . C [n]? and choose ¢ distinct points
+M, ... 2@ e L. We claim that G|;, shatters {z(1), ..., 2(9)}. Indeed, for each j € [g] choose a
set FU) € F whose unique point on L is (/) (this is possible since F is invariant under independent
permutations of the coordinates, hence contains a permutation through any prescribed point on L).
Then for any subset S C {z(1), ... 2} letting Ug := Ustes FU) givesUg € Gand UsNL = S
(each FU) contributes exactly one point on L). Thus VC(G|z) > g, and taking the supremum over
L yields LVC(G) > g.

A counting lower bound on |G|. There are |F|9 ordered g—tuples (F1,...,F,) € F9Y, each
producing a union U = | J?_, F; € G. To lower bound |G|, we upper bound how many g-tuples can
generate the same union U.

Fix U € G. Partition [n]? into the n¢~! axis—parallel lines in (say) direction 1. Since U is a
union of g members of F, and each member of F contributes exactly one point to each such line,

42



UNIFORM LAWS OF LARGE NUMBERS IN PRODUCT SPACES

the set U contains at most g points on every direction 1 line. Therefore, the number of possibilities
for aset I' € F with F' C U is at most g”d71 (on each of the n%~! lines we have at most g choices
for the unique point of F'). Consequently, U can be represented as a union of an ordered g—tuple
from F¢ in at most (g™ )9 = ¢g9"" " ways. It follows that

(12)
Substituting Keevash and taking logs. Taking log, in (12) gives

logy |G| > glogy |F| — gn®'log, g.

Using (10),

logy | F| = nd™1 10g2<ed’i1 + o(n)) = pd-t <log2 n—(d—1)logye+ 0(1)).

Substituting this and regrouping terms yields
logy |G > gn™! (10g2 n—logyg —(d—1)logye + 0(1)> =gn™! (logz s+ 0(1)),

which is (11). The final Q(gn?~!log(n/g)) statement follows whenever g = o(n). [ |

Appendix F. Examples
F.1. Mixtures of product distributions

Proposition 5. Let P be a probability distribution on X = W x --- X Wy that can be written as a
mixture of at most k product distributions,

k k
P=>x"e ou), xn=0Y =1
t=1 t=1

Then P is uniformly box—continuous with modulus

o
Bla) = G—lta)dt
Proof Fix a measurable set £ C X and define
k
ou(B) == () @ @u{)EB) € [0,1],  P(E)=> \ou(E).
t=1

Let P, = Zle At ,ugt) denote the i-th marginal of P, and let 5 := P; ® - - - ® P, be the product
of marginals. Expanding the product of marginals yields

k

d
PAH(E) = Z (H Ag)(ugtl) ® - ® Mgltd))(E)'

t1,..,tq=1 j=1
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All terms are nonnegative, so keeping only the diagonal terms t; = --- = t4 = t gives

k
Po(E) > > M\ éu(E). (13)
t=1

Applying Holder’s inequality with conjugate exponents d and d/(d — 1) yields

k k i )
P(E) =) M$i(E) < (ZA#@(E))” d(z d)t(E))(d n/d
t=1 t=1

Rearranging gives

k d
Ao(E) > P(E) —. (14)
Z (S au(B) "
Since ), Ay =1and 0 < ¢4 (E) <1,
k k k
> o(E) =Y Noi(E)+ > (1= M)¢y(E) < P(E)+ (k—1). (15)
t=1 t=1 t=1

Combining (13), (14), and (15) we obtain

P(E)?
B = iy p@Eyer

Since the function 2 — z¢/(k — 1+ 2)9! is increasing on (0, 00), replacing P(E) by o completes
the proof. |

Lemma 39 (Lower bound for mixtures) Fix integers d > 2 and k > 2. For every a € (0,1]
there exist a finite product space X = Wi X - - - X Wy, a distribution P on X that is a mixture of k
product distributions, and a measurable set E C X such that

d
a
Proof Let W, = --- = W, = [k] and X = [k]%&. For eacht € [k], let P(*) be the product

distribution supported on the single point (¢, . .., t).
Define mixture weights by

MR

and set P := Y% A\, P®). Let
E:={(t,...,t): t=1,....k—1}.

fort=1,...,k—1, A =1—aq,

Then, clearly P(E) = .
Each marginal P; equals the distribution on [k] given by P;(t) = \;, and hence

k-1 d k-1 o \¢ o
PD(E)ZZHPi(t)ZZ)\f:(k_l)<k_1> RS
t=1 i=1 t=1
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F.2. Bounded total correlation

Definition 40 (Total correlation) Let X = W x - - - x W, be a product measurable space, and let
P € A(X) be a probability distribution. For each i € [d], let P; denote the marginal distribution
of P on W;, and define the product of marginals by

Po=P® 0P
The total correlation (also known as multi-information) of P is defined as
TC(P) = KL(P| Py,

where KL(-||-) denotes the Kullback—Leibler divergence. For d = 2, the total correlation coincides
with the mutual information.

Proposition 6. Fix C > 0 and let
Po = {PeAX): TC(P)<C}.

Then the family Pc is uniformly box—continuous with modulus

—H(a)-C
fie) = exp( =),
a
where H(a) :== —aloga — (1 — «)log(1l — «) is the binary entropy function. In particular, for

every P € P¢, every measurable set E C X, and every o € (0, 1],
PE)>a = P(F) > B(a).
Proof Fix P € P¢, a measurable set £ C X, and « € (0, 1] such that P(E) > «. Write
a:= P(E), b:= Po(FE).

Define the measurable map 7' : X — {0,1} by T'(z) = 1g(x). By the data—processing in-
equality for KL divergence,

TC(P) =KL(P| P7) > KL(PoT ' ||PhoT™1).
The pushforward measures are Bernoulli distributions,
PoT™! = Bern(a), PqoT ! = Bern(b),

and hence
TC(P) > d(alb),

where
1—a

1-b

d(allb) = alog% + (1 —a)log

is the binary KL divergence.
Since TC(P) < C, we have d(a||b) < C. Expanding,

d(al|b) = —H(a) —alogb — (1 — a)log(1 — b),
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where H(a) = —aloga — (1 — a)log(1 — a). Using log(1 — b) < 0, we obtain
d(a|lb) > —H(a)— alogb.
Combining with d(a||b) < C' yields

H(a)+C

logh > —

, hence b > exp(—H(a)+C>.

Define ¢(z) := w for z € (0,1]. A direct computation using H'(z) = log(1=%) shows
that

_loslmn) =0

¢'(x)

SO ¢ is nonincreasing. Since a > «, it follows that

xp(H“*C> > exp(H(O‘iw> — 8(a).

Therefore P1(E) > B(«), as claimed. [

X

F.3. Proofs for the permutation-matrix example

We collect here the proofs of the claims stated in Example 4. Throughout, let n > 4, let X =
[n] x [n], and let F = {F; : w € S, } denote the class of permutation graphs, where

Fr :={(i,m(i)) : i € [n]}.

Linear VC dimension. We verify that LVC(F) = 1. Fix an axis—parallel line L.
If L is of the form {4} x [n], then for every permutation 7 € .S,,,

Fe0 L= {(i,7(i))},

which consists of exactly one point. Hence the induced one—dimensional class |, contains exactly
one point from L for each 7 and therefore has VC dimension equal to 1.
The same argument applies to lines of the form [n] x {j}. Taking the supremum over all axis—
parallel lines yields
LVC(F) =1.

Lemma 41 (Permutation graphs: empirical vs. product estimators) Let X' = [n] x [n] and F =
{Fr : 7€ Sp}, and let P := Unif([n]) ® Unif([n]). Let S ~ P™, let Pernp denote the empirical
distribution on X, and let P[| be the empirical product-of-marginals estimator. Then:

1. If m < %\/ﬁ, then

Pr[sup | Ponp (F) = P(F)| >

} >
FeF

[
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2. There exists a universal constant C' > 0 such that for every e, 6 € (0,1), if
1 1
m > 05—2<1 —Hogg),

then 3
Pr{sup‘PH(F) — P(F)| < 5} > 1-0.
FeF
Proof Let S = ((I1,J1),...,(Im,Jm)) ~ P™ and denote by ﬁemp the empirical distribution on
X.

Define the event

£ = {Il, ..., Iy are all distinct and Jy, . .., J,, are all distinct}.

By a standard birthday bound and a union bound,

c m\1 _m?
Pr(&°) S2<2>n < =
Hence, if m < %\/ﬁ, then Pr(&) > %.
On the event &, the sample points form a partial matching in the complete bipartite graph [n] x
[n]. By Hall’s theorem, such a partial matching can always be extended to a perfect matching.
Equivalently, there exists a permutation 7* € S, such that (I, J;) € Fr« forall ¢t = 1,...,m.
Consequently, R
Pomp(Frx) = 1.

On the other hand, for every = € .5,

n
.. 1
P(Fw) = ZP((LT‘—(Z))) = E
i=1
Therefore, on the event £,
~ 1_ 3
Sup | Pemp(F) — P(F)| > 1 — ~>

FeFr

where we used n > 4. This proves the first claim. ) . )
Let P, and P, denote the empirical marginals of the sample on [n], and define PH =P QP;.

Since P is a product distribution and LVC(F) = 1, Remark 17 yields the stated bound for 151—[. |

F.4. Infinite product spaces

This section provides the technical details underlying the discussion in Section 2.2.2.

Lemma 42 (Failure of uniform estimability in infinite products) Let X := {0,1}" equipped
with the product o—algebra, and let Pproq be the family of all product probability measures on X.
Define the class of finite—cylinder sets

Foo 1= U{{xEX: (z1,...,2q) € A} : Ag{o,1}d}.
d>1

Then.
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1. IVC(Foo) = 2.

2. The pair (Foo, Pprod) is not uniformly estimable. More precisely, there exists a universal
constant ¢ > 0 such that for every ¢ € (0,1/10) and § € (0,1/3), any estimator P satisfying

Pr thﬂD—PWM§521—6 forall P € Pproq

S~POnLlpeF
must use
d
n > c—
€
for arbitrarily large d.
Proof Item 1. Every axis—parallel line in X = {0,1}" consists of exactly two points, hence

VC(G|1) < 2 for any class G C 2%, Since F,, contains the coordinate cylinder {x : xj = 1} for
every j, it shatters every such line. Therefore LVC(F) = 2.

Item 2. Fix e € (0,1/10) and 6 € (0,1/3), and suppose for contradiction that there exist an
estimator P and a finite n such that for every P € Pprod,

P ]3F—PF<]>1—5.
o Ton [ S0P |P(F) = P(F)[ s ¢f 2

Let d > 1 be arbitrary. For § € {41}, define the product measure
Py = P ® ® Ber(1/2),
i>d

where P is the d—dimensional product distribution from Proposition 49. Then Py € Porod-
Consider the subclass of F,, consisting of cylinder sets depending only on the first d coordi-
nates: for each A C {0,1}, define

Fp={xeX: (z1,...,2q) € A}.
For such sets, B
Py(Fy) = Py(A).

Hence the assumed guarantee implies that, for every ¢, with probability at least 1 — 4,

sup |P(Fa) — Pp(A)| < e
AC{0,1}4

This yields an estimator achieving uniform e—accuracy over {0, 1}% under the family { Py} with
n samples. By Proposition 49, this requires

d
n > c-—.
€

Since d is arbitrary, no finite sample size can satisfy the assumed uniform guarantee. This contra-
diction completes the proof. |
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F.4.1. TRIVIAL UNIFORM ESTIMATION FOR SOME VC CLASSES

We exhibit a class of events with infinite VC dimension for which uniform estimation is trivial under
product measures. While infinite VC dimension can coexist with uniform estimability even in finite
settings, the triviality of estimation (a single sample suffices with zero error) is a phenomenon
specific to infinite product spaces.

Let
X = {0,1}"

be the infinite Boolean cube equipped with its canonical product o—algebra. Let Pp.oq denote the
family of all product probability measures on X,

o
Porod = {P = ® P; : P;is a probability measure on {0, 1}} .
i=1

For x € X, write x; for its ¢-th coordinate.

For v € [0, 1], define the tail event

R
E, = {:UGX:nh_)Igoani:oz},

where the limit is understood whenever it exists. Each E, is measurable and invariant under mod-
ifications of finitely many coordinates, and hence is a tail event in the sense of Kolmogorov’s 0-1
law.

We now define a class of sets built from these tail events. Let

Fi= {FA — aLéJAEa L AC[0,1]1NQ ﬁnite}.

Note that F is countable.

Lemma 43 The class F has infinite VC dimension.

Proof Fix n € N and choose distinct rationals oy, ..., o, € (0,1). For each i € [n], select an
arbitrary point z() € E,,, which is possible since each E,, is nonempty.
Let X := {zM), ... 2™} C X. For every subset S C [n], define Ag := {a; : i € S} and

consider the set Fly, € F.
Since the events { £, }I' ;| are pairwise disjoint, we have

W eFy, <= aqeclAs < ieb

Thus, for every labeling of the points in X, there exists a set 'y, € F that realizes it. Hence X is
shattered by F. Since n was arbitrary, VC(F) = cc. [ |

Lemma 44 For every P € Ppyroq and every o € [0, 1],

P(E,) € {0,1}.
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Proof Recall that a measurable set A C X = {0, 1} is called a tail event if its membership is
invariant under modifications of finitely many coordinates, i.e., if for every z,y € X,

x; = y; for all but finitely many ¢ = 14(z) = 14(y).

Fix a € [0, 1]. The event

RS
Ea:{xGX:nh_}ngonZ;xi:a}
=

depends only on the asymptotic frequency of the coordinates. Changing finitely many coordinates
of x does not affect this limit (when it exists), and therefore F,, is a tail event.

Since P € Pproq is a product probability measure on X', Kolmogorov’s 0-1 law applies. By
this law, every tail event under a product measure has probability either O or 1 (see, e.g., Shiryaev
(1996) or Durrett (2019)). Hence P(E,) € {0, 1}, as claimed. [

Proposition 45 For every P € Pproq and every F' € F, we have
P(F) e€{0,1}.

Moreover, uniform estimation over F under Pproq is trivial: with probability one over a single draw
X ~ P,

sup | P1(F) — P(F)| =0,

FeF

where P (F) := 1{X € F}.
Proof Let ' = F4 for some finite A C [0, 1] N Q. Since the events { £, }oc 4 are disjoint,

P(F) =Y P(E.).

acA

By Lemma 44, each summand belongs to {0, 1}, and hence so does P(F).

Now fix X ~ P. Almost surely, X belongs to at most one of the sets F,. Consequently,
for every F' € F, the value P(F') is determined exactly by the membership of X in F. Thus
2 (F) = P(F) for all F' € F almost surely. [ |

Proposition 45 shows that, in infinite product spaces, strong independence can render uniform
estimation trivial even for classes with infinite VC dimension. The novelty of this example lies
not merely in the coexistence of infinite VC dimension and estimability, but in the fact that exact
estimation is possible from a single sample with probability one.

This phenomenon is inherently infinite-dimensional and has no analogue in finite product spaces.
In particular, it demonstrates that neither VC dimension nor linear VC dimension can characterize
uniform estimability or its rates in the infinite-product regime.
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F.5. Example: Necessity of d dependence for lower bound

Lemma 46 (Fano via KL from the mean distribution) Let M > 2 and let V ~ Unif([M]). For
each v € [M] let P, be a distribution on Y, and draw Y | (V = v) ~ P,. Let V. = f(Y') be any
estimator and set P, := Pr(V # V). Define the mean (mixture) distribution

_ 1 X
P = MUZIPU.
Then
logM——ZKL P,|P) < h(P.)+ P.log(M — 1), (16)

v=1
where h(p) = —plogp — (1 — p) log(1 — p) is the binary entropy.
In particular,

i1 Lo KL(Py || P) +1log2

P, >1-
‘= log M

A7)

Proof Apply the Fano inequality to X := V (with |X| = M), Y, and X := V= fY):
H(V|Y) < W(P.)+ P.log(M — 1). (18)

We now compute H(V | Y). Let p(v,y) be the joint law of (V,Y"). Since V is uniform and
Y| (V=v)~P,

ploy) = Puy), pv() = pluy) = P(y)

Hence, by Bayes’ rule,

Using the definition of conditional entropy,

H(V|Y)= Z/ (v,y) logp(v | y) dy

1 _
=log M — i Z_;KL(P’UHP).

Plug this identity into (18) to obtain (16). Finally, using A(P.) < log2 and log(M — 1) < log M
yields (17). |
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Lemma 47 (KL for biased product Bernoullis) Fixd € Nand v € (0,1). For each 6 € {£1}4
define the product distribution

d
Py = ®Be7‘(% + 9,~V) .
=1

Then for any 6,6' € {+1}9,
KL(Py|[Py) = A(6,6)-D,,

where A(0,0") := |{i : 0; # 0.} is the Hamming distance and

1
5s+v 14 2v
D, = KL(BGT‘(%—}-V) HBer(% —1/)) :2l/log<§ —1/) = 2V10g<1 _2y> .

Moreover, for all v € (0, %),

812 <D, < %V?

Proof By additivity of KL divergence for product measures,
d
KL(P)|IPy) = > KL(Ber (% + 6w) | Ber (4 + 6iv))
i=1

If 6; = 0., the ith summand is 0. If §; # 0., then {0;,0]} = {+1, —1} and the ith summand equals
KL(Ber(3 +v)||Ber(3 — v)) =: D,. Hence the sum has exactly A(6,6') nonzero terms, proving
KL(Py||Py) = A(6,6') D,.

Letp:%—i-yandq:%—V.Then

1—

1
5+ 1+2
:(p—q)logZZ:QVlog % Y :2ylog< + V).
q Q—V 1—2V

Set z := 2v € (0, 3). For z € (0,1) one has

1+ < 2x .
1—2) = 1—22

D,,:plogg—i—(l—p)log p:plog]—9+qlogg
q q q p

2z < log<

Applying these inequalities,

1
D, = 21/10g(1+x) > - 22 = 812,

and
2z 82 32 ,

= < —_—
1—22 1-42 - 3"
since v < 1/4 implies 1 — 4% > 3/4. [

D, <2v-

)
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Lemma 48 (Hellinger separation for biased product Bernoullis) Ler k > 1 and define product

measures on {0,1}* by
Py = Ber(%+y)®k, P_ = Ber(%—u)(@k,

where 0 < v < 1/2. Let
H*(P,Q) = 2(1-p(P.Q),  p(P.Q) =) VP)Q)

denote the squared Hellinger distance and the Bhattacharyya coefficient. Then for every 0 < e <1,

l.f
> —_
1%
2k’

we have
H*(P,,P.) > «.

Proof For a single coordinate, let

Pil) = Ber(% + 1/) , pPY = Ber(% — V) .

A direct computation gives

p(P_g_l),Pil)> =142

For product measures P = ®f:1 Pand QQ = ®f:1 Q; on a finite product space, one has the

multiplicativity
k

p(P,Q) =[] o(Pi, Q).

i=1
Applying this with P, = PV and Q; = P'") yields

k

p(Py, Po) = (p(PY, PU))F = (1 — )2,

and therefore
HX(Py,P.) = 2(1 —(1- 4y2)k/2). (19)

Since 4% < 1, we may use (1 — )™ < e~ for x € [0, 1] to obtain
(1— 4]/2)k/2 < o 2kv?

Substituting into (19) gives ,
H*(Py,P) >2(1—e 7).

If v2 > ¢/(2k), then 2kv? > ¢, hence
H*(Py,P_)>2(1—e°).
Fore € (0,1] we have 1 — e™¢ > ¢/2, and therefore
H2(Py,P.)>2- % —,

as claimed. [ |
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Proposition 49 (Q(d) samples for TV/uniform estimation over the d—cube) Let X = {0,1}¢
and let F = 2%, Fixe € (0,1/10) and § € (0,1/3). Consider the family of product distribu-
tions

d
Pi={P:0c{£1}"},  Pp:=Q)Ber(}+0w),
=1
where

Assume d is large enough so that v < 1/4.
Suppose an estimator P based on n i.i.d. samples satisfies

Pr |sup |]3(F)—P(F)|§e} >1-46  forall PeP.
S~pPenlpcr

Then necessarily

d
n > c—,
€

for a universal constant ¢ > 0. In particular, for constant €, one must have n = (d).

Proof Step 1: a large code with Hamming distance > d/4. Let © C {+1}% be such that for all

distinct 0,6’ € ©,
A0,0) :=|{i:0; £ 06} > d/4,

and |©| > 214 for a universal constant ¢; > 0. Such a set exists by the Gilbert—Varshamov bound.
We restrict attention to the subfamily {FPy : 0 € ©}.

Step 2: separation in total variation. Fix distinct 6,0 € © and let k := A(0,60") > d/4. Let
I:={ield:0; # 0} so|Il =Fk. Since the Bhattacharyya coefficient factors over product
measures, and the marginals coincide on [d] \ I, we have

H?*(Py,Py) = H? (Ber(% + )%k, Ber(3 — y)®k) .

By Lemma 48 applied with &’ := 8¢, it suffices that

e 8¢ € €
>\ == === = 24/ < 4/=
Y= Vo T Va \/> = \/;’
where the last inequality uses & > d/4. With our choice v = 44/¢/d, we obtain
H2(P9,P9/) > 8e.

Since TV(P, Q) > 1H?(P, ), it follows that

TV(Py, Py) > 4e  forall distinct 6,60" € ©.

Step 3: uniform estimation implies decoding. For distributions on a finite domain,

TV(P,Q) = sup |P(F) — Q(F)].
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Thus, by assumption, with probability at least 1 — 6,
TV(P,Py) < e.

Define the decoder R R
0 € argmin TV(P, Py).
ASC)

On the event TV(13, Py) < e, separation implies 9 = 0: indeed, for ¢ £0,
TV(P,Py) > TV(Py,Py) —TV(P,Py) > 4 —¢ > e.

Hence

~

Prl0=6] > 1—0.

Step 4: Fano via KL from the mean distribution. Let V' be uniform on ©, and let S | (V
(P)®". Let V= 9( ). By (20),

Let

be the mean distribution of S. Applying Lemma 46 gives

log |©] — Bl ZKL (Pp)®™||Q) < h(P.) + P.log(|©| — 1).
0cO
Using P. <, h(F.) < log2, and log(|0| — 1) < log |O|, we obtain

ZKL (Py)®"|Q) > (1—16)log|O] —log2.
| 06@

Step S: upper bound the KL from the mean. By convexity of KL in its second argument,

KL((Pp)®"||Q) < |@| > KL((P)®" | (Py)®") -
0'cO

Averaging over 6 yields
KL ((Pp)®*" < KL(Py|| Py).
‘Z 9 HQ) ’@’2 Z ( 9” 9)
9O 0,0'cO

By Lemma 47,
KL(P||Py) = A6,0')D, <d-D,.
Using the upper bound D,, < 32 v?, we get

ZKL (P)®"[|Q) < n-Cdv?
’ 0co
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for a universal constant C' > 0.

Step 6: conclude the sample complexity lower bound. Combining the lower bound from Step 4
with the upper bound from Step 5 and using log |©| > ¢1d, we obtain

n-Cdv? > (1-0)log|©] —log2 > (1—6)cid —log2.

Since 6 < 1/3, the right-hand side is at least cod for a universal constant ¢co > 0 (absorbing the
additive — log 2 term into the constant for all sufficiently large d). Hence

n-Cdv? > cod,

and therefore
C2

- Cv?
Recalling that v = 44/¢/d (so that v? = 16 ¢/d), this yields

n

C2 d (&) d

> 2. 2 - 27
"= 0 16 T 16C €
Setting ¢ := ¢3/(16C') completes the proof. [
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